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INTRODUCTION 


The  NHL  Plasma  Formulary  is  a  collection  of  formulas  and  reference  data  in  a  handy  pocket- 
sized  booklet  .  Over  t  hirty  thousand  copies  of  previous  editions  of  the  Formulary  have  been  produced 
and  distributed  during  the  past  decade  and  a  half.  Each  revision  before  the  present  one  precipitated 
a  costly  exercise  in  composition  and  layout.  Finally  the  master  became  too  dilapitated  to  use.  We 
decided  to  retypeset  the  whole  book  using  TfrX,  the  computerized  typesetting  system  developed 
by  Donald  Knuth  of  Stanford  University.  Although  this  was  an  arduous  task,  we  believe  that  the 
difficulty  of  preparing  future  editions  will  thereby  be  greatly  reduced. 

In  recent,  years  Tp>\  has  been  widely  adopted  bv  scientists,  engineers,  and  others  to  produce 
documents  containing  technical  information.  The  typical  user,  like  us,  is  an  author  or  scientific 
collaborator  of  the  author,  technically  trained,  computer-literate,  and  a  clumsy  typist.  This  user 
knows  exactly  how  the  final  document  should  look  and  is  strongly  motivated  to  mine  from  The 
T^^iboolc  the  requisite  nuggets  of  wisdom,  and  to  grind  away  as  long  as  necessary,  in  order  to  achieve 
it.  Consequently,  highly  trained  (and  highly  paid)  people  are  spending  a  significant  fraction  of  their 
time  doing  what  used  to  be  regarded  as  clerical  work.  It  follows  that  any  tool  that  can  make  the 
operation  of  using  TfNX  more  efficient  is  potentially  valuable. 

Knuth's  comprehensive  and  very  readable  (if  idiosyncratic)  introductory  manual.  The  TfcXbook. 
devotes  about  the  same  amount  of  space  to  the  production  of  ruled  tables  as  to  diacritical  marks 
in  Central  European  languages  (two  and  a  half  pages).  For  most  users,  the  former  is  by  far  the 
more  important  application.  Although  the  two  examples  of  tables  Knuth  provides  are  illuminating 
and  the  diligent  student  can  learn  a  great  deal  from  them,  the  process  is  time-consuming.  Expe¬ 
rience  shows  that  most  users  want  a  portfolio  of  examples  that  they  can  use  with  a  minimum  of 
modification  as  templates  for  their  own  applications. 

This  report  is  intended  to  partially  fill  that  need.  It  contains  some  sixty  pages  of  text,  tables, 
and  displayed  equations  (the  output  from  an  IMAGEN  8/300  laser  printer),  together  with  the 
associated  TpX  source.  An  enlarged  copy  of  each  page  of  the  Formulary ,  identical  with  that  which 
was  photographically  reduced  for  the  actual  book,  is  reprinted  facing  the  Tf]X  source  code  that 
generated  it.  Users  can  browse  through  the  report  until  they  come  to  a  table  or  displayed  equation 
similar  to  the  one  they  want  to  produce,  then  extract  from  the  facing  page  the  control  sequences 
they  need.  The  code  is  largely  self-contained;  however,  many  macros  are  taken  from  the  file 
PR0L0G.TEX.  Whenever  the  user  encounters  an  (apparently)  undefined  macro,  its  definition  should 
be  sought  there.  Additionally,  the  file  POINTSIZE.TEX  sets  up  all  of  the  necessary  font  definitions 
(magnified  seven-point  fonts  are  used  in  place  of  the  normal  ten-point  fonts  in  the  Formulary,  to 
improve  readability  after  reduction).  These  files  are  listed  immediately  following  this  introduction. 

No  claim  is  marie  that  the  code  reprinted  here  is  optimum.  We  warrant  only  that  the  T];X 
input  produces  the  output  you  see.  Wizards  and  other  supernatural  beings  could  possibly  find  more 
flexible,  transparent,  and  elegant  ways  of  printing  these  tables  and  equations.  Moreover,  since  three 
different  individuals  participated  in  the  project,  the  programming  style  is  highly  nonuniform.  Worse 
still,  we  were  learning  as  we  went  along,  so  the  sections  typed  at  the  beginning  of  the  effort  are 
rougher  than  those  typed  after  we  became  more  proficient.  We  attempted  to  go  back  and  clean  up 
after  ourselves;  but  demands  of  space  precluded  extensive  commenting,  especially  in  the  complex 
ruled  tables  which  most  needed  it.  To  partly  make  up  for  this,  we  selected  two  tables  as  examples 
and  explained  them  in  some  detail.  These  are  found  on  pages  10  and  11.  In  spite  of  this,  the 
user  will  probably  have  to  discover  by  experimentation  why  we  did  much  of  what  we  did.  1  his 
report  does ,  however,  contain  a  bonus  that  many  older  scientists  (like  the  present  senior  author) 
will  appreciate:  a  version  of  the  Formulary  with  print  big  enough  to  read. 

The  Formulary  used  many  ’lj.;X  tricks  and  shortcuts  in  the  interests  of  compactness  and  speed 
of  implementation.  Particularly  irritating,  but  unavoidable,  are  the  many  “hard-wired"  measure- 
Manuscript  approved  May  it,  IHX7. 


men ts.  We  adjusted  spacing,  line  widths,  and  positions  until  the  output  looked  close  to  our  mental 
picture.  While  this  kind  of  huilt-in  hack  is  not  very  elegant,  it  is  quick  and  easy  to  implement,  as 
opposed  to  trying  to  find  exactly  the  right  macro  to  handle  every  possible  case.  Also,  we  abbre¬ 
viated  commands  wherever  possible  to  conserve  spare.  Originally,  each  page  was  printed  from  a 
separate  file,  as  shown  here,  with  separate  calls  to  PR0L0G.TEX.  They  have  since  been  merged  into 
one  file,  but  the  older  version  was  used  for  better  readability.  In  a  number  of  places,  we  have  made 
characters  ‘active’:  for  example,  the  vertical  bar  ‘|’  was  made  to  stand  for  two  ampersands  '&&’  in 
tables.  As  mentioned  above,  most  of  these  abbreviations  are  in  PR0L0G.TEX. 

For  convenience,  users  with  DECNET  access  who  can  reach  LCP::  can  copy  the  TcX  file 
for  any  given  page.  These  files,  the  names  of  which  have  the  form  PAGExx.TEX,  where  xx  is  the 
page  number,  as  well  as  PROLQG.TEX  and  POINTSIZE.TEX,  are  currently  located  in  the  directory 
LCP:  :SYS2:  [GUEST .  FORMULARY] .  A  file  containing  the  entire  set  of  instructions  used  to  compose 
the  Formulary,  FORMULARY.TEX,  is  also  located  in  this  directory.  Users  with  Internet  access  can 
access  the  files  through  anonymous  FTP  (your  default  will  be  the  SYS2:  [GUEST]  directory,  so  you 
need  to  get  [GUEST .  FORMULARY]  <f  ilename>  .TEX).  The  host  name  is  NRL-LCP  .  ARPA,  soon  to  bo  a 
domain  name  LCP.NRL.MIL. 

It  is  a  pleasure  to  acknowledge  the  Tj^Xnical  assistance  of  Dr.  Gopal  Patnaik  and  Ken  Laskey, 
two  valuable  suggestions  made  by  Prof.  Knuth,  and  the  encouragement  of  Dr.  Jay  Boris. 
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•/. 

*/.  THIS  FILE  DEFINES  THE  MACROS  USED  THROUGHOUT  THE  FORMULARY. 

'/.  First,  set  up  the  default  page  sizes  and  magnification. 

•/. 

\magnif i cat ion= 1728 
\hof f set= 1 . 25 true in 
\voffset=l .Otruein 
\hsize=6 . Otruein 
\ vs ize=9 . Otruein 
\parindent=Opt 
•/. 

'/,  Get  the  font  definitions,  and  set  the  font  to  magnified  sevenpoint. 

y. 


\input  pomtsize 
\sevenpoint 

\f ont\headf ont=cmbxS  scaled  \magstep2 
\font\tensorfont=cmssi8 
\f ont\cs=cmsy7 

*/. 


'/.  Now,  set  up  all  the  commonly  used  macros  for  the  various  formulary  page 

y. 

\catc-.de'\|  =  \  active 
\def I {&&> 


*/. 


’/,  Special  characters. 

/ 

\def\A{{\bf  A}} 

\def\AOB{{\alpha/\beta}} 

\def \app{\di splay sty le  \apprcx> 

\def \approxlt{\kern  0.35em  \raise  0.6ex  \hbox{$<$}  \kern  -0.77em 
\hbox{$\s im$}  \kern  0.35em} 

\def \approxgt{\kern  0.35em  \raise  0.6ex  \hbox{$>$}  \kern  -0.77em 
\hbox{$\sim$}  \kern  0.35em} 

\def\B{{\bf  B>> 

\def \C{{\bf  C>} 

\def\curl{\del\times} 

\def\D{{\bf  D}> 

\def\del{\nabla} 

\def  \d  l  r.t  {  \d  i  spl  ay  s  ty  1  e\  int } 

\d<* f '  d l  ver {  '  del \ cdot} 

\def \doint {id l spl aystyl e\oint} 

\def \E{ { i bf  E } } 

\de f  ihV'.vi r { {\mathchar  ’ 26\msk ip-9muh}} 

\def \1 ambdabar{{\mathchar ’ 26\mskip- 10mu\ lambda}} 

\def \longr ightarrou{\relbar\kern-0 . 5pt\joinrel\r lght arrow} 

'  def \lra{\displaystyle  Mongr  ightarrow} 

\def\pai t{' par tial} 

\rlef  \ R{  {  \  bf  R}} 

\def \T ( { \ tensor  font  T}} 

\def \ t f s igma{\s lgma  \kern-0.55em  \r.igma} 

\def'  t s th l nspac e} 

y. 


\ lower  0 . 6ex 
Mower  0.6ex 


Accerim  For 

/ 

hJTI  j  CFAS.I 
Dili:  1AB 

i.  t.al 

J  i: i  i  ‘  i  .*  t  c ;  i 

tT~ 1 

□ 

CJ 

i*: 

l>,  i 

'tiO-i  / 

A 

_ 

v  Ci-Ces 

r>-t 

*  v.;r  ,i:*o  /  or 

Sj.vy.ldl 

±f_ 

’/,  Special  formats. 

7. 

\def \lef td ispi ay# 1 {\medsk ip\l ef t 1 me{\ inndentS\di splaysty le« ! $}\bigsk ip} 
\def \ l tal #  1  { {  \ it.  #  1  \ / } } 


\def Nundertext#l{$Nunderline{Nsmash{Nhbox{#l}}}$> 

*/. 

%  Contractions  and  commonly  used  macros. 

'/. 

\def \bs#l{\noalign{\vskip-#l}} 

\def NbskiNbigskip} 

\def\dfil-C\dotf ill\  > 

\def\H{\hang> 

\def\hang{\hang indent  \oldpar indent} 

Ndef NindentiNhskip  \oldpar indent  Nspacef actor=1000> 

\def\innd  z  '\hskip  20pt> 

\def \m{$\vpnantom{\big(>$> 

\def \msk{\medskip> 

NdefNN{Nnoindent} 

\def \nocorr{\kern  Opt} 

\def \oldpar indent {20pt} 

NdefNom{Nomit} 

Ndef Nov{Nbar}  ‘/.{Noverl  ine} 

Ndef Nph{Nphantom} 

Ndef NsiNstrut} 

Ndef Nsk{Nnoalign{Nsmall skip}} 

\def \ssk{\smallskip} 

Ndef Ntablerule{Nnoal ign{Nhrul e}} 

\def\tf{\tensorfont} 

\def \trule{\noal ign{\hrule}} 

NnewcountNts count 
NdefNtspart{ I \om} 

Ndef Ntsend{&Ncr} 

\def Ntska# l#2{Nom&height#2S:Nom  \tscount=#l  Nif caseNtscount  \or\tsend 
\or\tspart\tsend 
Nor \ t spar t\t spar t\t send 
\or\t spar t\tspart\t spar t\t send 
\or\tspart\tspart\tspart\tspart\tsend 
\ or \tspart\tspart\tspart\t spar t\t spar t\t send 
\or\tspart\tspart\tspart\tspart\tspart\tspart\tsend 
\or\tspart\tspart\t spar t\tspart\tspart\tspart\tspart\t send 

' or NtspartNtspart} tspartNtspartNt spartNtspartNtspartNtspar tNt sendNelseNbadNf i} 
■  Jef \t skb# 1 {height# l&Nom I Nom I Nom I &Nom I  Norn  I Nom&Ncr} 

' def \tskc#l#2{height#24Nom  \tscount  =  #l  \if caseNtscount  \or\tsend 
Nor \ t spar t\t send 
Nor  \t  spar  tNts  part'',  t.  send 
Nor Nt spar t NtspartNtspart Ntsend 
NorNtspartNtspartNt apart \t spar tNtsend 
\:rNtspartNtspartNtspartNtspartNtspartNtsend 
NorNt spar tNt spar tNt spar t NtspartNtspart Nt spar t Ntsend 
NorNtspartNtspartNt  apart''  t  spar tNtspartNt spar tNtr.pai  t Ntsend 

Nor  Ntspart  NtspartNtspart.'  t  spa  rt.Nt  spar  t' t  spar  t.Nt.  spar  tNt  spar  t  N  t  sendNel  s.e  ■.  bad '  ft} 
'  def  Nun{ Nhat }  '/.{N under  1  me} 


7. 

7.  THIS  FILE  DEFINES  MACROS  TO  SET  THE  POINT  SIZE  FOR  THE  FILE: 

7. 

7.  \eightpoint  ==>  eight  point  type 

7.  \ninepoint  ==>  nine  point  type 

7.  \tenpoint  =  =  >  ten  point  type  (TeX  default) 

7.  \twelvepoint  ==>  twelve  point  type 

7. 

\f ont\ninerm=cmr9  \f ont\eightrm=cmr8  \font\sixrm=cmr6 
\f ont\ninei=cmmi9  \font\eighti=cmmi8  \font\sixi=cmmi6 
\f ont\ninesy=cmsy9  \f ont\eightsy=cmsy8  \font\sixsy=cmsy6 
\f ont\ninebf =cmbx9  \f ont\eightbf =cmbx8  \f ont\sixbf =cmbx6 
\f ont\ninett=cmtt9  \f ont\eighttt=cmtt8  \f ont\seventt=cmtt 10 
\f ont\nineit=cmti9  \f ont\eight it=cmt i8  \f ont\sevenit=cmti7 
\f ont\ninesl=cmsl9  \f ont\eightsl=cmsl8  \font\sevensl=cmsl8 
\f ont\sevenrm=cmr7  \f ont\seveni=cmrai7  \f ont\sevenbf =cmbx7 
\f ont\twelverm=cmr 12 
\f ont\tuelvei=cmmi 12 
\f ont\twelvesy=cmsy 10  scaled  1200 
\f ont\twelvebf =cmbxl2 
\f ont\tenex=cmexlO 
\f ont\tuelvett=cmtt 12 
\f ont\twelveit=cmtil2 
\font\twelvesl=cmsll2 

\skewchar\twelvei=’177 

\skewchar\twelvesy='60 

\hyphenchar\tuelvett=-l 

\skewchar\ninei= ’ 177  \skewchar\eighti= ’ 177  \skewchar\sixi= ' 177 
\skewchar\ninesy= ’60  \skewchar\eightsy= ’60  \skewchar\sixsy= ’ 60 
\ hyphen char \ninett=-l  \hyphenchar\eighttt=-l  \hyphenchar\tentt=-l 
\catcode '3=11 
\neuskip\ttglue 

\def \twelvepoint{\def \rm{\f am0\twelverm}  7,  switch  to  12  pt .  type 

\textfontO=\twelverm  \scr iptf ontO=\ninerm  \ script script! ontO=\sevenrm 
\texLfontl=\twelvei  \scriptfontl=\ninei  \scr lpt script font l=\seveni 
\textfont2=\twelvesy  \scr iptf ont2=\ninesy  \scr lpt script font 2=\s evens y 
\textfont3=\tenex  \scnptfont3=\tenex  \scriptscriptfont3=\tenex 
\textfont\itfam=\twelveit  \def \it{\f am\itf am\twelveit} 

\textf ontXslf am\twelvesl  \def \sl{\f am\slf am\twelvesl} 
\textfont\ttfam\twelvett  \def \tt{\f am\ttf am\twelvett} 
\textfont\bffam\twelvebf  \scr iptf ont\bf fam=\n l neb f 
\scnptscriptfont\bffam  =  \sevenbf  \def\bf{\fatn\bffam\twelvebf} 

\tt  \ttglue=.5em  plus  ,2Sem  minus  . 15em 
\normalbaselmeskip=15pt 

\setbox\ strutbox=\hbox{\vrule  height9.5pt  depth4.5pt  widthOpt} 
leti sc=\tenrm  \1 et\big=\ twel vebig  Nnormalbasel ines\rm  } 

\def  ‘  tenpoint{\def\rm{\fam0\tenrm}7,  switch  to  10-pomt  type 

\textfontO=\tenrm  \scnptfont0=\sevenrm  \scriptscriptfontO=\fiverm 
'text,  f  ont 1  =  \t en  l  \scriptfontl=\seveni  \script script f on tl  =  \fivei 
\textf ont2=\tensy  \scriptfont2=\sevensy  \scriptscriptfont2=\fivesy 
\ textfont. 3  =  ''tenex  \scriptfont3  =  \tenex  \script script! on t3  =  \tenex 

\textfont\itf  am=\tenit  \def  \  1 1  {  \  f  am\ i  tf  am\t  en  1 1  }7. 

' textfont \slfam=\tensl  \def\sl{\fam\slfam\tensl}7, 
\textfont\ttfam=\tentt  \def\tt{\fam\ttfam\tentt}7. 


Xtextf ontXbf fam=\tenbf  Xscr iptf ontXbf fam=\sevenbf 

\s  cript  script  font \bffam=\f  ivebf  \def \bf  {\f  am\bf  f  am\tenbf  }'/, 

\tt  \ttglue=.5em  plus.25em  minus. 15em 
Xnormalbaselineskip=12pt 

\setbox\strutbox=\hbox{\vrule  height8.5pt  depth3.5pt  widthOpt}'/, 
Xnormalbasel inesXrm} 

Xdef \ninepoint{\def  \rm{\f  amOXninerm}'/,  switch  to  9-point  type 
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\centerline{\headfont  NUMERICAL  AND  ALGEBRAIC} 

\bigskip 

\N  Gain  in  decibels  of  {$P_2$\/}  relative  to  {$P_1$\/} 

$$G  =  10  \log_{10}  (P_2/P__  1 )  .  $$ 

\medsk  ip 

\N  To  within  two  percent 

$$(2\pi)  '{1/2}  \approx  2.5;\  \pi~2  \ approx  10;  \  e'3  appi  ..  x  V;  , 

2'  <10}  '.approx  10~3{.}$$ 

'  m  e  d  s  k  i  p 

\f!  Euler-Mascheroni  constants- 1'.  \gamma  =  0.577223 
\bigskip 

\N  Gamma  Function  SXGamma  (x  +  1)  =  x\Garr.ma(x)$: 

$$\hal ien{\qquad\quad#'  hf  il&\  -\  #\hfil  *\qquad#\hf  il*'.  =  a  f :  l 
$ \Gamma ( 1 /6 ) $45 . 5663  &$\Gamma (3/5 ) $4 1  4392  c: 

$'. Gamma  (1/5)  $64.  £908  *$\Gamma(2/3  »$61  .3541  ••<•! 

$\ Gamma ( 1  ,/4)$63 . 6256  &$\Gamma(3/4 )  $6 1  .  2254  ci 

$' Gamma (l/3)$62.6789  6$\Gamma(4/5)$61 . 1642’  or 

$ \Gammo ( 2/5) $62 .2182  6$\Gamma(5/S)$61 . 128'  .cr 

$\ Gamma ( 1/2) $6$ 1 . 7725=\sqrt{\pi}$  6$\Gamma( 1 )$6 1  0\cr}$$ 

\medskip 

\N  Binomial  Theore:..  (good  for  $\mid  x\mid<l$  or  $\alpha  =$  positive  mte 
$$(  1  tx)  "\alpha=\sum  ,infty_{k  =  OH\alpha\choose  k}x‘k  \equiv  1  +  ''alpha  x 
{{\alpha(\alpha-l)}\over  {2!}}x~2  +  {\\alpha (\alpha- 1 ) ( \alph a-2 ) }  '.over 
t  \ldots . $$ 
medsk  i  p 

'• K  Rothe-Hagen  identity$‘2\  $(good  for  all  complex  $x$,  $y$,  $z$  except, 
si  r.g  ar  )  : 

;. :  •  .:.il  •  ?n-,.  '  c;:m‘  r.  ft  J>  {xiover  {x+kz}}  {{x  +  kz}  '.choose  k>  fy'  iver-fv  ♦ :i  t. 
;  -V- r  s.;v  -k}}  \cr  6={{x+y}\over{x  +  y +  r.z}}  -f  {x- :.  r-  : 

a  tin.  r  ;■;•;]  a?  '  3$  [good  fcr  S'  n,  c n  t  :  a  :  ,  -  :  . 

:}  i  a--  \u;fty)  {  .  ji;f  ty}  ’(  -1  )'n  J_  {'.alpha  -  '.gamma  n}(z/  J  be’  >•  ■; 

;  -  .mu  }  -  1  ’  pi  '■."V  !  :•  in  \mu  pit  J  .{'  alpha*',  gamma  '  ::  *.  : 

.  xn)  f  z  I  \ quad  1$ 

v  f  1 1  \ e  |  pc  t  '.end 


NUMERICAL  AND  ALGEBRAIC 


Gain  in  decibels  of  P2  relative  to  Pi 

G=  10  log  10(P2/Pi). 


To  within  two  percent 

(2tt)1/2  «  2.5;  7r 2  «  10;  e3  ss  20:  210  «  103. 


Euler-Mascheroni  constant1  7 

=  0.57722 

Gamma  Function  r(a:  4-  1)  =  x 

F(x): 

r(l/C)  =  5.56G3 

r(3/5)  =  1.4892 

r(l/5)  =  4.5908 

r(2/3)  =  1.3541 

r(  1/4)  =  3.6256 

T(3/4)  =  1.2254 

T(  1/3)  =  2.6789 

r(4/5)  =  1.1642 

r(2/5)  =  2.2182 

r(5/6)  =  1.1288 

r(  1/2)  =  1.7725  -  v/7 

r(i)  =  1.0 

Binomial  Theorem  (good  for  |  1  |<  1  or  a  =  positive  integer): 


(!  +  *)' 


=  E01''  =  1  +  ai+ 


«(«  -  1)^2  +  «(<*  -  l)(q  -  2)  ^  3 


2! 


3! 


Hot he-Hagen  identity  (good  for  all  complex  x ,  y,  2  except  when  singular 

i^rn  9 


'X.  +  kz\  y  /;;  +  (»•-/<  O2 


I  +  h  '  A:  ';//  +  (/?.—  /.; ) ; 


c 


) 


n  —  A: 

x  +  y  /  x  y  +  iiz~ 


x  +  y  +  nz 


rT : "-)• 


Newbergor's  summation  formula3  [good  for  //  uouiutegral.  H  *■  (o  +  H)  >  -  1 

(-1 )"  Jr^-,„(z)Jj+~,Az) 


E 


7T 


n.  +  n 


Sill  /(  7T 


U U 


Xinput  prolog 

\hof i set  = 1 . 125truein\vof f set= ltrue in\hsize=6 .0truein\vsize=9.0truein 
\pageno=4 

\centerline{Xheadf ont  VECTOR  IDENTITIES$ ‘ 4$}  \bsk 

\N  Notation:  $f,\  g,$  are  scalars;  \A,  \B,  etc.,  are  vectors;  \T\  is  a 
tensor;  {Xtf  l}\  is  the  unit  dyad. 

V.  ‘XT’  IS  SET  A  MAGNIFIED  EIGHT-POINT  CHARACTER,  SINCE  WE  LACKED  A 
%  SEVEN-POINT  BOLD  SANS-SERIF  FONT.  IT  IS  FOLLOWED  BY  ‘\  ’  TO  LEAVE 
•/.  A  SPACE  FOLLOWING. 

XmskXssk 

\N\quad  $\ph{ 1 }$( 1  ) 

$XA\cdot\B\ times XC= 'A' times \B\cdotXC=XBXcdotXC\tlmes\A=\B 
Xt  imesX  CXcdo  t  A  =  XCX  cdct  \A\  t  imesX  8  =  \C\t  imesX  A  Xcdot  XB$  Xmsk 
\NXquad  $\ph{l}$(2) 

$X A\ t imes (XBXt imes' C) - (\C  times\B)\times\A=(\A\cdot\C)\B-(\A\cdot\B)\C$  Xmsk 
XNXquad  $\pli{  1  }$ ( 3) 

$\ A\t imes (\B\ t imesXC) +  \BXt imes ( \C\t imesXA) +\C\t imes ( \A\t imesXB) =0$  Xmsk 
\N\quad  $\ph{l}$(4) 

$(XAXt imesXB) Xcdot ( \C\t iraesXD) = ( X AXcdotXC) (XBXcdotXD) - 
(\A\cdot\D) (\BXcdot\C)$  Xmsk 
\N  quad  $\ph{l}$(5) 

$(\AX t imesXB )\t imes (XC\times\D)=( X A\t imes XBXcdotXD ) \C- 
(\A ,t imes\B\cdotXC)\D$  Xmsk 

XNXquad  $\ph{l}$(6)  $\del  (fg)=Xdel  (gf)=f\del  g  +g\del  f$  Xmsk 

XNXquad  $Xph{l}$(7)  $Xdiver(fXA)=f\diver\At\AXcdot\del  f$  Xmsk 

XNXquad  $\ph{l}$(8)  $\curl(f \A)=f\curl\A+\del  f\times\A$  Xmsk 

XNXquad  $Xph{l}$(9)  $\d iver (\A\t imesXB ) =\B\cdot\cur IX A-\A\cdot\curl\B$  Xmsk 

XNXquadC 10) 

$\curl(\AXtimes\B) -\A(\diver\B)-\B(\diver\A)+(\B\cdot\del)\A-(\A\cdot\del)\B$ 
Xmsk 

XNXquad Cl  1)  $\A\times( Xcur 1XB ;  =  (XdelXB ) Xcdot X A  - ( XAX cdotXdel )\B$  Xmsk 
XNXquad ( 12)  $Xdel (\AXcdot\B)=XA\t imes (\curl\B)+\B\t imes (\curl\A) + 
(XA\cdot\del)\B+(\B\cdot\del)XA$  Xmsk 
XNXuuad ( 13)  $Xdel"2f-  .diverXdel  f$  Xmsk 
\N'  quadC 14)  $Xdel"2\A"XdeI ( \d i verXA) -Xcur l\curl\A$  Xmsk 
'■  NXquadC  15)  $XcurlXdel  1=0$  Xmsk 
'  NXqr.adC  lfij  $Xdiver\curl\A-0$  Xmsk 

\N  If  {  ,bf  e$_l$,  e$_2$,  e$_3$}  are  orthonormal  unit  vectors,  a  second-order 
tensor  XTX  can  be  written  in  the  dyadic  form 

Xmsk 

\NXquad(17)  XTX  $=\sum_{ l , j }\T_{ i j }${\bf  e$_i$e$_}$}  Xmsk 

\N  In  cartesian  coordinates  the  divergence  of  a  tensor  is  a  vector  with 

components 

Xmsk 

XNXquad ( 18)  $ ( Xd ivei $XTX/ ) $_ i = ' sum_{ j } (Xpar t lal  T_{ j l }/\par t lal  x_ • 1$  msk 
\N [This  definition  is  required  for  consistency  with  Eq .  (29)].  In  g-neial 

Xmsk 

'  NX  quad ( 1 9)  $Xd i ver ( X AXB ) - ( Xd i ver X A ) XB  +  ( X AX c dot Xde 1 ) XB$  msk 
XN  v quad  (20)  $ X d  i  v e i  (  f  $ \ T  •./$)-' del  f  Xcdot $XTX /$*  f '  d  :  •••  !  $'  T 
Xv  f 1 1 Xe J  ect' end 


VECTOR  IDENTITIES4 


Notation:  /,  g ,  are  scalars;  A,  B,  etc.,  are  vectors;  7*  is  a  tensor;  /  is  the 
unit  dyad. 

(1)  A  BxC  =  AxB  C  =  B-C  x  A  =  BxC  A  =  CAxB  =  CxA  B 

(2)  A  x  (B  x  C)  =  (C  x  B)  x  A  =  (A  •  C)B  -  (A  •  B)C 

(3)  A  x  (B  x  C)  4-  B  x  (C  x  A)  +  C  x  (A  x  B)  =  0 

(4)  (A  x  B)  •  (C  x  D)  =  (A  •  C)(B  •  D)  -  (A  •  D)(B  •  C) 

(5)  (A  x  B)  x  (C  x  D)  =  (A  x  B  •  D)C  -  (A  x  B  •  C)D 
(G)  V(fg)  =  V ( g f )  =  f^g  +  gV f 

(7)  V  ■  (/A)  =  /V  •  A  +  A  •  V/ 

(8)  V  x  (/A)  =  /V  x  A  +  V/  x  A 

(9)  V  •  (A  x  B)  =  B  •  V  xA-A-V  xB 

(10)  V  x  (A  x  B)  =  A( V  •  B)  -  B(V  •  A)  +  (B  •  V)A  -  (A  •  V)B 

(11)  A  x  (V  x  B)  =  (VB)  •  A  -  (A  •  V)B 

( 12)  V( A  •  B)  =  A  x  (V  x  B)  +  B  x  (V  x  A)  +  (A  •  V)B  +  (B  •  V)A 

(13)  V2/  =  V  •  V/ 

(14)  V2A  =  V(V-A)-VxVxA 

( 15)  V  x  Vf  =  0 

( 1G)  V  •  V  x  A  =  0 

If  ei ,  e2,  e3  are  orthonormal  unit  vectors,  a  second-order  tensor  T  can 
lie  written  in  the  dyadic  form 

(  1  <  )  T  =  ^  Tijeiej 

In  cartesian  coordinates  the  divergence  of  a  tensor  is  a  vector  with  com¬ 
ponents 

(18)  (V-T),  =  '£/j(dTj i/tej) 

[This  definition  is  required  for  consistency  with  Eq.  (29)].  In  general 

(19)  V  •  (AB)  =  (V  •  A)B  +  (A  ■  V)B 

(20)  V  •  (/  T)  =  V/-T+/V-T 
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\N  Let  ${\bf  r}={\bf  i}x+{\bf  j}y+{\bf  k}z$  be  the  radius  vector  of  magnitude 

$r$,  from  the  origin  to  the  point  $x,y,z$.  Then 

\medskip 

\N\quad(21)  $\diver{\bf  r}=3$ 

\medskip 

\N\quad(22)  $\curl{\bf  r}=0$ 

\medskip 

\N\quad(23)  $\del  r={\bf  r}/r$ 

\medskip 

\N\quad (24)  $\del ( 1/r ) =-{\bf  r>/r'3$ 

\medskip 

\N\quad(25)  $\diver({\bf  r}/r~3)=4\pi\delta({\bf  r})$ 

\medskip 

\N\quad(26)  $\del{\bf  r}  =  $\  {\tf  I> 

\medskip 

\N  If  $V$  is  a  volume  enclosed  by  a  surface  $S$  and  $d{\bf  S}  =  {\bf  n}dS$ , 
where  {\bf  n}  is  the  unit  normal  outward  from  $V,$ 

\medskip 

\N\quad(27)  $\dint_V  dV\del  f  =  \dmt_S  d{\bf  S}f$ 

\medskip 

\N\quad(28)  $\dint_V  dV\diver\ A=\dint_S  d{\bf  S}\cdot\A$ 

\medskip 

\'.  \quad(29)  $\dint.V  dV\diver$\T\  $  =\dint_S  d{\bf  S>  \,  \cdot$\T 
\medskip 

\N\quad(30)  $\dint_V  dV\curl\A=\dint_S  d{\bf  SXtimes  A>$ 

\medskip 

\N\quad(31)  $\dint_V  dV(f\del‘2  g  -  g\del'2  f)=\dint_S  d{\bf  S}\cdot (f\del 
g-g\del  f)$ 

\medskip 

\N\quad(32)  $\dint_V  dV(\A\cdot\curl\curl\B-\B\cdot\curl\curl\A)$ 

\vsk  \p9 . 0001  in  \qquad\qquad\qquad\qquad\qquad 
$=\dmt_Sd{\bf  S}\cdot  (\B\times\curl\A-\A\times\curl\B)$ 

\medsk ip 

\N  If  $S$  is  an  open  surface  bounded  by  the  contour  $C$,  of  which  the  line 
element  is  $d{\bf  1}$ , 

\medskip 

\N\quad(33)  $\dint_S  d{\bf  S>\times\del  f=\doint_C  d{\bf  l}f$ 

\vfill\eject\end 


Let  r  =  ix+jt/  +  kz  be  the  radius  vector  of  magnitude  r,  from  the  origin 
to  the  point  x,y,z.  Then 


(21)  V  •  r  =  3 

(22)  V  x  r  =  0 

(23)  Vr  =  r/r 

(24)  V(l/r)  =  -r/r3 

(25)  V  •  (r/r3)  =  47r<5(r) 

(26)  Vr  =  / 

If  V  is  a  volume  enclosed  by  a  surface  5  and  dS  =  ndS,  where  n  is  the 
unit  normal  outward  from  V , 
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\N\quad(34)  $\dint_S  d{\bf  S}\cdot\curl\A=\doint_C  d{\bf  l>\cdot\A$ 

\medskip 

\N\quad(35)  $\dmt_S(d{\bf  S}\times\del)\times\A=\doint_C  d{\bf  l}\times\A$ 
\medskip 

\N\quad(36)  $\dmt_S  d{\bf  S}\cdot (\del  f\times\del  g)=\domt_C  f dg--\doint.C 
gdf$ 

\bigskip\bigskip 

\centerline  {\headfont  DIFFERENTIAL  OPERATORS  IN} 

\ vskip  lpt 

\centerline  {\headfont  CURVILINEAR  CaORDINATES$‘5$} 

\bigskip 

\N{\headfont  Cylindrical  Coordinates} 

\medskip 
\N  Divergence 

7. 

7,  Mote  that  the  \lef tdispiay  macro  from  PROLOG . TEX  is  used  to  produce 
7.  left-justified  displayed  equations. 

7. 

\lef tdisplay{\diver\A={l\over  r}  {\partial\over{\partial  r}}  (rA_r)  +  -ClVover  r} 
{{\partial  A_\phi}\over{\partial\phi}>  +  {{\partial  A_z}\over{\partial  z}}} 

\N  Gradient 

\leftdisplay{(\del  f)_r  =  {{\partial  f}\over{\partial  r}};\quad  (\del  f)_\phi  = 
{l\over  r}{{\partial  f}\over{\partial\phi}};\quad  (\del  f)_z  =  {{\partial  f} 
\over{\part ial  z}}} 

\N  Curl 

\leftdisplay{(\curl\A)_i={l\over  r}{{\partial  A_z}\over{\partial\phi}}  - 
{{\partial  A_\phi>  \over{\partial  z}}} 

\lef tdispiay { (\curl\A ' _\ph i  =  {{\part ial  A_r}\over{\part ial  z}}-{{\partial  A_z} 
\over{' partial  r}}" 

\leftdispiay{(\curl\A)_z={i\over  r}{\partial\over{\partial  r}}  (rA_\phi)  - 
■fliover  r}  {{\partial  A_r}\over{\partial\phi}}> 

\smallok ip 
\N  Laplacian 

Mef td isolay{\del '2  f  =  {l\over  r}{\part ial\over{\par t ial  r }}\1 ef t (r {{\par t ial 
f }\over{\part ial  r}}\right)  +  {l\over{r"2}H{\partial''2  f }\over {\par t ial\ph l ' 2} 

}  +  {•{\partial"2  f }\over{\part ial  z‘2}}} 

:t  il\eject\end 
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(34)  I  dS-V  x  A  =  (j)  d\  •  A 
s  J  c 


I: 


(35)  j  (dS  x  V)  x  A  =  (h  dl  x  A 
s  J  c 


(3G)  j  dS  ■  (V/  X  V<7)  =  (f)  fdg  = 
s  J  c 


gdf 


DIFFERENTIAL  OPERATORS  IN 
CURVILINEAR  COORDINATES5 


Cylindrical  Coordinates 


Divergence 


_  1  0  1  flArf, 

V  .  A  =  (vAr)  +  -  ~~  + 
r  Or  r  d(f> 


0AZ 

Oz 


Gradient 


(V/),. 


01. 

Or' 


(V/U  = 


1  £>/. 

r  04>' 


(V/)..  = 


£/ 

Oz 


Curl 


(V  x  A),.  = 


1  0AZ 
r  0  (j) 


OA t 
Oz 


( V  x  A),,  = 


0  A  r 
~0z 


0AZ 

Or 


(V  x  A ) . 


1  0  1  0Ar 

- -(rA0) - L 

r  O  r  r  <9</> 


Laplacian 


'  ltv  it*  m  \nr\rr  ^yi7vytVT2 


l**'|t*’*t* w  .J  ... 


\input  prolog 
\hoffset=l . 125truein 
\voffset=ltruem 
\hsize=6  .  Otruem 
v  -size=9 . Otruein 
\pageno=7 

\N  Laplacian  of  a  vector 

*/. 

'/.  Note  that  the  leftdisplay  macro  from  PRO [  .v, . TEX  is  used  to 
'/,  left-justify  displayed  equations. 

*/. 

\1  ef  td isplay  { ( '  del  "  2’  A  '■ .  r  - \del '  2  A_r  -  {2' over  r  ‘2>{{\partial  A.Xphi}'  over 
{Xpart ialXphi }}-  {{A_r}\over{r‘2}}} 

\1 ef td ispi ay { ( \d»l ' 2 A ) _\ph i  =  \del '2  A_\phi  ♦  {2' over  r‘2l 
{{{partial  A_r}\ov er{ \partial\phi»  -  {{A_'phi>  *ver{r*2}}} 

\1 ef td l splay {( \ del  * 2\ A ) _z=\del ‘2  A_z} 

Xmedsk ip 

,N  Components  of  $  i '.  A'.  cdotXdel ) \B$ 

\lef tdisplay{  (XAXcdot'- ■  del\B)_r-A_r  {{{partial  B_ r }\over {\part lal  r >>  +  { { A_ ■ ph l } 
\over  r}{{\partial  E_r}\over{\part lalXph i}}»A_z{{\part lal  B_r}\over{\part lal  z> 
}-{{A_\phi  B_\ phi}'- over  r}} 

\leftdi splay {(XAXcdot  d»l\B)_\phi=A_r{{\partial  B_Xphi}Xover{'- partial  r}}+ 
{{A_\phi}\over  r}{{'partial  B_\phl}\over{\partial\phi}}+A_z{{  .partial  B.'phi} 

\ over{\par t lal  z}} + { { A _ Xph i  8_r}\over  r}} 

\leftdlsplay{(\A\cdot\del\B)_z=A_r  {{{partial  B_z}Xover{  partial  r}}+{{A_  phi} 
\over  r}{{\partial  B _z}\ov er{\ parti alXphi}}*A_z{{\ partial  B_z}\over{\partial 
z  }  }  } 

{small  skip 

\N  Divergence  of  a  tenror 

\ leftdi splay {(\diver\>ibox{Xtf  T\ /}) _r={ 1 Xover  rHXpartialXover {Xpartial  r}} 
(rT_{rr}> +{1 {over  :  pat  tial  T.{\phi  r>\over{\partialXphi}}+{{\partial  T.tzr}} 

Xover  {'.partial  z}}  ■{?,{'  pin \phi}\over  r}} 

\leftdisplay{(\di«er'  hi--  x{  ,tf  T\/})_\phi={l Xover  r}{\partial\over{\part. lal  r}} 
f rT.{r\ ph l } }  +  { 1  \ov*r  r  K{  partial  T_{\phi\ph i } } Xover {Xpar t lalXph i }}  +  {{Xpar t lal 
T_{z \phi}}\ovei { \ j ■  -  lal  z>}+{T_{\phi  r}\over  r}} 

'  1 ef td isplay{ {  d i v^rXhbox {\tf  T\/}) _z  =  { lXover  r }{'•  par t ial\over {Xpart lal  r}} 
r  T..  {  rz  })*{  1  Xover  r}{{’  partial  T_{\phi  z}}\over{\part lalXph i}}+ {{Xpart lal 
!'_{;•./.'•}  -ovei  {'-partial  z}}} 

'  v  f  1 1  '.fie :  tXend 
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Laplacian  of  a  vector 

,  2  2  OA t 

(V-A  ,r  =  V^r--^ 


„  ,>  ,  2  dAr  A<*, 

<v  A)*  =  v-A*  +  -— -  — 


(V2A),  =  V  A* 


Components  of  (A  •  V)B  - 

0Br  A#  DBr  .  5Br  A^B^, 

(A  •  VB)r  =  Ar  — - —  +  —  ^T—  +  - 2 - 

v  Or  r  d(f>  Oz  v 


A  OB0  ,  At  OBt  ,  „  dBt  ,  AtBr 

(A  •  VB  ,  =  Ar  — — —  +  —  -rcr  +  +  - 

v  £>/•  r  d(f>  oz  r 


OB -  A*  5B,  4  3B- 

<A-VB).  =  Ar  —  +  —  —  +A,— 


Divergence  of  a  tensor 

1  o  ,  m  ,  1  ar*r  ,  or,,,  r** 

(V  •  T),  =  tT,.,.  +  --r—  +  - 

r  dr  r  04>  Oz  r 


V  •  T)r:,  =  ~—(rTr0)  +  -  — 

/•  c/r  r  Dip 


\0T c>o  .  OTS0.  T0r 


1  0  1  0TO.  <9T;; 

V-  T)s  =  -T(rT,,)+  -_J_  +  - 

;•  t//'  /•  t/(/>  O  Z 


\input  prolog 

\hoffset  =  J .  125truein\vof  f  set  =  ltruem\hsize=6  ,  OtrueinXvs ize=9  .  Otruem 
\pageno=8 

\N{\headfont  Spherical  Coordinates}  \msk 
\N  Divergence 

'/. 

’/.  Note  that  the  \leftdisplay  macro  from  PROLOG.TEX  is  used  to 

’/,  left-justify  displayed  equations. 

■/. 

\lef tdisplay{\diver\A={l\over{r'2}}{\part\over{\part  r}}(r‘2  A_r)  + 

{ l\over {r\sin\theta}}{\part \over{\part\theta}}(\sin\theta{A_\theta}) + 

{ 1  \  over{r  \  sin\theta}H{\part  A_\phi}\over{\part\phi}}} 

\N  Gradient 

\leftdisplay{(\del  f)_r={{\part  f }\over{\part  r}};\quad 

( \del  f ) _\theta={ l\over  r}  {{\part  f }\over{\part\theta}} ; \quad 
(\del  f )_\phi={l\over{r\sin\theta}>  {{\part  f}\over{\part\phi>}> 

\N  Curl 

\leftdisplay{(\curl\A) _r={l\over{r\sin\theta}}{\part\over{\part\theta}} 

(\s in\ theta  A_\ph i ) *{l\over{r\s in\theta}}{{\part 
A_\theta}\over {\part\phi}}} 

\leftdisplay{ ( \ cur 1 \A ) _\theta={ 1 \o ver{r\sin\theta}}{{\part 

A_r}\over{\part\phi}}-{l\over  r}{\part\over{\part  r}}(rA_\phi)> 
\leftdisplay{(\curl\A)_\phi={l\over  rM\part\over{\part  r}} 

(rA_\theta) -{ l\over  r}{{\part  A_r}\over{\part\theta}}}  \msk 

\N  Laplacian 

\leftdisplay{\del~2  f -{ 1 \over{r *2}}{\part\over{\part  r}}\lef t (r'2 
{{\part  f }\over{\part  r}}\right) +{l\over{r"2\sin\theta}}{\part 
\over{\par t\theta}}\lef t (\sin\theta{{\part  f }\over{\part\theta}> 
\right)+{l\over{r'2\c  m‘ 2\theta}}{{\part'2  f }\over{\part\phi‘2}}} 

\N  Laplacian  of  a  vector 

\lef  tdi splay { ( Xde1  - \ A ) _r  =  \del * 2A_r-{{2A_r}\over{r "2}}-{2\over{r ' 2}}{{\par t 
A_\theta}\over i\part\theta»-{{2\cot\theta  A_\theta}\over{r"2}}- 
{2\over{r ' 2\sin\theta}}{{\part  A_\phi}\over{\part\phi}}} 

Xlef tcispl ay { ( \del ' 2\A ) _\theta=\del"2A_\theta+{2\over{r "2}}{-(\part  A_r}\over 
{\part\thet.a}}-{{A_\theta}\over{r'2\sin~2\theta}}-{{2\cos\theta}\over 
{r " 2\sin" 2\theta}}{{\part  A_\phi}\over{\part\phi}}} 
\leftdisplay{(\del‘2\A)_\phi=\del~2A_\phi-{{A_\phi}\over{r'2\sin‘2\thetn}}+ 
{2\over{r* 2\s in\ theta} }{{\part  A_r}\over{\part\phi}}+{{2\cos\theta}\over 
{r'2\sin"2\theta}}{{\part  A_\theta}\over{\part\phi}}} 

\vfll\eject\ end 


Spherical  Coordinates 

Divergence 


d 


Id,  1 

V  •  A  =  —  —  (r2Ar)  +  — - 

r2  dr  r  sin  9  d9 


—  (sin  9Aa)  + 


r  sin  9  df 


Gradient. 


(V/),. 


d_i 

dr' 


(V/).  = 


!£/. 

r  d9  ’ 


(v/u  = 


i  Of 


r  si  n  9  d  (ft 


Curl 


(V  x  A),.  = 


d 


r  sin  9  dO 


(sin  6A#) 


1  oah 

r  sin  6  df 


(V  x  A)«  = 


1 


0  Ar  Id 

- —  (rA^) 


r  sin  0  d<}>  r  dr 


(V  x  A),,  =  -|(rAs) 
r  dr 


1  dAr 
r  dO 


Laplacian 

O 

v-f 


1  d  /  ,  df\ 

r2  dr  V  dr  )  +  r 2  sin  0  dO 


1 _ A  ,  i  ^2/ 

S1  *  9  dO  )  +  r2  sin2  9  deb2 


La placian  uf  a  vector 


V-A)r  =  V  “  A  ,■  - 


2 Ar  2  d/l k  2coU?AM  2  d/1,, 


r2  r2  d9 


r- 


r2  sin  9  d<!> 


V  A )  h  —  V“A«  -j- 


2  dAr  A  a  2  cos  9  d/1,. 


■2  d#  r2  sin2  W  r2  sin2  9  d< 


(V"A),,  =  V  ~  A ,,  - 


A,, 


+ 


2  d/1,  2  cos  9  dA, 


o  •  1  o  • 

/’*•  Sill**  H  /  -  Sill 


d r2  sin2 


9  Of 
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\input  prolog 

\hoff set=l . 125truein\voff set  =  1  true in\hsize=6 .  0truein\vsize  =  9.0truem 
\pageno=9 

\N  Components  of  ${\A\cdot\del)\B$ 

'/.  Note  that  the  \lef tdisplay  macro  from  PR0L0G.TEX  is  used  to 

7,  left-justify  displayed  equations. 

I 

\lef tdisplay { (\A\cdot\del\B) _r= A_r{{\part  B_r}\o ver {'part  r}}+{{A_\theta} 
\over  r}{{\part  B_r}\over{\part\theta}}+{{A_\phi}\over{r\sin\theta}} 

{{\part  B_r}\over{\part\phi}}-{{A_\theta  B_\theta  +  A_\phi  B_\phi}\over  r}} 
Mef tdisplay{(\A\cdot\del\B)_\theta=A_r{{\part  B_\theta}\over {\part  r}}  + 
{{A_\theta}'  over  r}{{\part  B_\theta}\over{\part\theta}}+ 
{{A_\phi}Mver{r\sin\theta}}{{\part  B_\theta}\over{\part\phi}}+ 

{{A_\theta  B_r}  over  r}  -  {{\cot\theta  A_\phi  B_\phi}\over  r}} 

Mef tdisplay{ (\A\ccot\del\B) _\phi=A_r{{\part  B_\phi}\over{\part  r }}+ 
{{A_\theta}\over  r"'-{{\part  B_\phi}\over{\part\theta}}+ 
{{A_\pM}\over{r\sin\theta}}{{\part  B_\phi}\over{\part\phi}}+ 

{{A_\phi  B_r}\over  r}  *  {{\cot\theta  A_\phi  B_\theta}\over  r}} 

\N  Divergence  of  a  tensor 

Mef tdisplay { (\diver\hbox{\tf  T\/} ) cr={lNover{r‘2>>{\part\over{\part  r}} 

(r ' 2  T_{rr})+{l\over{r\s in\theta}}{\part\over {\part\the _a}} 

(\sin\theta  T_{\theta  r>)> 

Meftlme{\hskip3.  St  rue  m$\di  splays  tyle+{  1  \over{r\sin\theta}}{{\par  t 

T_{\phi  r}}\over{\part\phi}}-{{T_{\theta\theta}+T_{\phi\phi}}\over  r>$>  \msk 
\leftdisplay{( \ diver \hbox{\tf  T\/})_\theta={l \over{r ~2}}{\part\over 
{\part  r}>  (r‘2  T_{r\theta})+{l\over{r\sin\theta}}{\part\over{\part 
\ theta}} (\ s  in^ thet  a  T_{\theta\ theta})} 

'  left  1  ine-f'  hsk  ipB  .  St  rue  in$'‘  display  style  +  {l\over{  r\sin\theta}}{-C'.part 
T_{ \phi\theta}}'> over{  part  \ph i}} r{T_{\tl-. eta  r}\over  r}- 
•C{\c.ot\theta}T..Mphi\phi}\over  r}$}  \msk 
1  :  f  is::’,  c.y  {  ( ri  ->x-f  \tf  T  / }  )  _ \ph  l  =  {  1  \c  ver {r  ‘  2} }  {\part \c ver  {'■  par t  r  •  V 

•  r  '  2  T.  '  r  ph •  .  ••v-:r{v'  s  in'  t  heta}}  {\part  ■  .over  {  '  part'  theta}} 


•  ;  d ir:.j'laystyle  +  { l\ov«r <r'  sm  th-ta}} 

ver  {  t '  Phi}}.  {{T  {'Phi  r}}'..-.ver  l  } 


Components  of  (A  •  V)B 


0Dr  Ae  dDr  A0  0Br  A„  BH  +  A,,  B„ 
(A  ■  VB)r  =  Ar—x~~  +  — ~  ~r~  +  '  • 


Or  r  08  /sin#  <9</i 


0Bh  A«  OBv  A,,  0BH  A»Br  cut.HA.B, 
(A  •  VB),  =  Ar—  +  —  — f  +  — - ^  +  - -  -  - — 

Or  v  08  /’sin  8  0i*>  r  r 


(A  •  VB), 


0B,:,  Ah  0Bo  A,.,  0B,:,  A,.Br  t  cut  HA,,  B, 

Or  r  08  r  sin  8  0<1>  r  r 


I  P  v e r i*  e n < ' e  o t  a  tensor 


^  i  o  io 

I  V  •  T)r  =  —  ~-f  r~T,  r  )  +  - : - -  7~  (  s111  8TH, 

i  -  (Jr  r  sill  8  08 


+ 


1  01,:,,.  If  h  +  1 . 


r  sin  W  <(</> 


1  <>  ,  1  0 

V  •  /  )  h  —  —  (  r  I ,  ,  )  -h  ;  ~~  (  si  li  8  /  „ „  ) 

r  ~  0  r  r  sm  8  08 


1  01\:,f  I'h  ,  cot  8’1\ 

H - - —  — “ —  + - - - — 

/•  sin  8  < )i,'t  r  r 


_  1  o  I  o 

V-  T  ),.,  —  —  •—  |  r~  7  )  +  : -  - — (sinW/„,) 

r-  0  r  r  sin  b  ,ib 


1  0  r  <-o!  8 7 

/■  sin  8  0 •!>  r  r 


o 


I 

I 


a 

if 

! 


'/.  See  prolog.tex  for  macro  definitions. 

•/. 

\mput  prolog 

\hoffset=l  .  OtruemXvof  f  set  =  l  .  0truem\hsize  =  6 . 5t  rue  in'"  vs  :ze  =  3  .Ctruem 
\pageno=10 

\centerline{\headfont  DIMENSIONS  AND  UNITS}  \msk\mdent 

To  get  the  value  of  a  quantity  in  Gaussian  units,  multiply  the  value  ex  -pr 
in  SI  units  by  the  conversion  factor.  Multiples  of  3  m  the  conversion 
fac\-tors  result  from  approximating  the  speed  of  light 
$c=2 . 9979\t imeslO"{lO}\ , $ cm/ sec  $\approx3  \t imesl0'{!0}\ , $ cm/ sec . 

*/. 

'/,  This  is  the  first  and  most  complex  example  of  a  ruled  table.  Ruled 
%  tables  make  use  of  \halign  to  position  the  information  m  the  columns 
%  and  the  vertical  rules  separating  them.  \v box  is  used  in  double 
V,  dollar  signs  ($$)  1 n  order  to  center  the  table  on  the  page, 
v 

$$\vbox{\tabskip=Opt  Xoffinterlineskip 
v 

V.  \tafcskip=Opt  is  used  to  avoid  a  space  to  the  left  of  the  first  vrule. 

\of f interlineskip  is  used  to  allow  the  vertical  rules  to  run 
V,  uninterrupted  through  the  table. 

halign  to'\hsize{#lXvrule#\tabskip=0 . 25em  plus  1  emioXhf  i  vrule#t 
s  ,hf  ilt\vrule#t$Xdisplaystyle{#>$\hf  il&\vrui<-'»&$  display sty le{#}$  ,hf  ;  It  vr: 
tsXhf  lit'  vrule#t«M'.f  iltXvr  ule»t#\hf  ili\vrule»\tabsiup=Op?  .or 

",  This  Xhal  ign  preamble  alternates  columns  c-:  r.tainir.g  Xvruies  with 

containing  actual  table  entries.  The  vertical  bar  ‘  I  '  has  been  def  it. 
7,  as  two  ampersands  ' fci  ’  ,  and  indicates  columns  containing 
",  only  a  \vrul*.  A s  is  u-.ial,  \cr  ends  each  line.  Note  also  t:  d  many 
measurements  (such  as  \bs{0 . 2truein} )  were  arrived  at  by  trial  and 
",  error,  to  align  the  heading  entries  correctly. 


lh*ight.2pi  t  '•  -..m  :  '■■■  om  I'  mul t ispan3 I Xom I Xom i 1  omt'cr 

cr  :  r  mu  1  t  i sp.ar.3  ■  hf  1 1  Dimensions  Xhfil  l  tor.1  m  ,  >. ■: m  i  :> 

!  :  1  I-'i.ys  :cal  ;  '  hf  ll  Sym-  Xhidewidth  i  umult  ispan?  i 

1  :;.I  i  hfil  conversion  Xhidewidth  I  Xhfil  Gaussian  f.  cr 
.  ig .:,{  vs  k  ip-  1  .  Tex'  mover  lght  1 . 88  tr  ue  in'.  vbox{‘  hr  til®  width  1  ‘Ter'."::.  •  ■ 

aultispanS  is  used  to  allow  "Dimensions"  span  three  1  .a n .  ti..v 
two  columns  with  entries,  separated  by  one  containing  a  vrule  V t*h 

Xnoalign  we  add  the  extra  horizontal  rule  under  "D : r>- nr . :  -r. s "  *}.* 

correct  place.  (The  numbers  were  found  by  tiial  and  err  cr .  )  A  somew.i 
lees  hard-wired  approach  to  placing  these  horizontal  rules  is  f>v;::d 
in  th.e  tables  on  pp. 49-50. 
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\tska{7}{lex> 

\s|\hfil  Quantity  l\hfil  bol  l\om\hfil  SI  Xhfil  |\om\hfil  Gaussian 

*/. 

7.  Xtska  is  a  macro  used  as  a  tableskip.  It  skips  a  variable  distance 
'/,  vertically  in  a  table,  continuing  all  rules,  in  order  to  improve  the 
7.  spacing,  and  is  adjusted  so  that  the  spacing  is  pleasing  to  the  eye. 

'/,  At  the  beginning  of  each  line  is  the  macro  \m  or  \s.  These  are  struts, 

7.  invisible  hboxes  of  fixed  height,  which  determine  the  height  of  each 
7.  line.  \m  is  slightly  taller  than  \s .  Again,  they  were  chosen  by  eye. 

’/,  \bs  is  defined  as  \noalign{\vskip-#l}  in  prolog.tex.  It  enables  us 
7.  to  "back  up"  in  tables. 

7. 

\hfil  I  \hfil  Units  I  \hfil  Factor  I  \hfil  Units  &\cr 

V. 

'/.  The  preamble  automatically  puts  an  \hfil  to  the  right  of  each  entry, 

7,  so  we  need  add  \hfil  only  on  the  left,  to  center  them. 

7. 

\tska{7}{7pt}  \trule  \tska{7}{lpt}  \trule  \tska{7}{2pt} 

'/.  We  skip  down,  leaving  a  double  rule  beneath  the  table  header.  The 
V.  body  of  the  table  follows: 

7. 

Xml  Capacitance  Xhidewidth  I  $C$  !{t"2q‘2  Xover  ml"2}  I  1  I 
farad  I  $9\t imes 1 0 ‘ { 1 1 }$  I  cm  &  \cr 

7. 

'/,  Note  the  use  of  Xhidewidth.  TeX  allocated  more  space  than  necessary 
'/,  if  we  allowed  it  to  position  the  text  itself,  so  we  use  Xhidewidth  to 
7.  conceal  the  length  of  the  longer  entries.  This  prevents  "overfull 
'/,  hbox"  errors. 

7. 

Xml  Charge  I  $q$  I  q  I  {m* { 1 /2}l * {3/2}  Xover  t}  I  coulomb 

Xhidewidth  I  $3\timesl0'9$  I  statcoulomb  Xhidewidth  &  \cr  \tska{7}{2pt} 

X s I  Charge  I  $\rho$  I  {q  Xover  1'3>  I  {m‘{l/2>  Xover  l"{3/2>t>  I 

coulomb  Xhidewidth  I  $3\t imes 10*3$  I  statcoulomb  Xhidewidth  &  Xcr  \bs{1.5ex} 
X s I  Xquad  density  I  I  I  I  Xquad  /m$~3$  I  I  Xquad  /cm$"3$  &  Xcr 

7. 

7.  Charge  density  is  spread  out  over  two  line  .  \bs{l.5ex}  is  used 
7,  to  position  the  two  lines  more  closely. 

7. 

Xml  Conductance  Xhidewidth  I  I  {tq‘2  Xover  ml"2}  I  {1  Xover  t}  I 
siemens  I  $9\ t imes  1 0' {  1 1  }$  I  cm/sec  St  Xcr  \tska{7}{2pt} 

Xml  Conductivity  I  SXsigmaS  I  {tq~2}Xover{ml *3}  I  lXover  t  I 
siemens  I  $9\t imes 1 0' 9$  I  sec$'{-l}$  St  Xcr  Xbs{2.0ex} 

X  s 1  I  I  I  IXquad  /ml  I  &  Xcr 

Xml  Current  I  $1  ,  i$  I  qXover  t  I  -fm' { 1/2}1 " {3/2}}Xover {t ' 2}  I 
ampere  I  $3\ t imes 1 0 ' 9$  I  statampere  &  Xcr  \tska{7}{2pt} 

\sl  Current  I  ${\bf  J},{\bf  j}$  I  q\over{l'2t>  I  {m'{l/2}>  Xover 

{l'{l/2}t"2}  I  ampere  I  $3\t  imes  10"5$  I  statampere  St  Xcr  Xbs-fl.Sex} 


10b 


\sl  \quad  density  I  I  I  IXquad  /m$‘2$  I  I  \quad  /cm$'2$  &  \cr 
\ml  Density  I  $\rho$  I  m\over{l‘3}  I  m\over{l'3>  I  kg/m$‘3$  | 

$10~{-3}$  I  g/cm$'3$  &  \cr 

\sl  Displacement  \hidewidth  I  {\bf  D}  I  q\over{l‘2>  I  {m‘{l/2}> 

\over  {l~{l/2}t}  I  coulomb  \hidewidth  I  $  1 2\pi\ t imes 10 ' 5$  \hideuidth  1 
statcoulomb  Xhidewidth  6  \cr  \bs{1.75ex} 

\ s I  I  I  I  IXquad  /m$‘2$  t  I  \quad  /cm$~2$  &  \cr 

Xml  Electric  field  I  {Xbf  E}  I {ml}\over{t "2q}  I  {m~ { l/2}}Xover {1 ‘ { 1 /2}t }  I 

volt/ra  I  $Xdisplaystyle{l\over3}\timeslO'{-4}$  I  statvolt/cm  &  XcrXtska{7}{2pt} 
Xml  Electro-  I  {Xcs  E} ,  I  {ml ‘ 2}\o ver{t ‘ 2q}  I  {m‘ { 1/2}1 * { l/2>} 

Xover  t  I  volt  I  SXdisplaystyl e{ l\over3}\t imes 10" {-2}$  I  statvolt  &  Xcr 
\bs{2 . Oex} 

\s I  Xquad  motance  I Emf  I  I  I  I  I  k  Xcr 

Xml  Energy  I  $U,W$  Xhideuidth  I  {ml" 2}Xover {t ‘ 2}  I  {ml‘2}  Xover 
{l‘2>  I  joule  I  $10~7$  I  erg  &  Xcr 
Xml  Energy  I  $w,\epsilon$  I  mXover{lt'2}  I  m\over{l  t‘2}  I 
joule/m$'3$  Xhideuidth  I  $10$  I  erg/cm$'3$  &  Xcr  \bs{2.0ex} 

\s I  Xquad  density  I  I  I  I  I  I  &  Xcr  \tska{7}{2pt}  Xcr  Xtrule}}$$ 

7. 

7.  End  of  Table. 

7. 

\vf lllXej  ectXend 
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DIMENSIONS  AND  UNITS 


To  get  the  value  of  a  quantity  in  Gaussian  units,  multiply  the  value  ex¬ 
pressed  in  SI  units  by  the  conversion  factor.  Multiples  of  3  in  the  conversion 
factors  result  from  approximating  the  speed  of  light  c  =  2.9979  X  1010  cm/sec 
«  3  x  IQ10  cm/sec. 


Dimensions 

Physical 

Sym- 

SI 

Conversion 

Gaussian 

Quantity 

bol 

SI 

Gaussian 

Units 

Factor 

Units 

.  9  r> 

Capacitance 

c 

t~q~ 

l 

farad 

9  x  1011 

cm 

ml 2 

Charge 

q 

q 

t 

coulomb 

3  x  109 

statcoulomb 

1  /  2 

Charge 

density 

q 

III  ' 

coulomb 

/m3 

3  x  103 

statcoulomb 

/cm3 

p 

P 

P/2t 

Conductance 

tq 2 
ml2 

l 

t 

siemens 

9  x  1011 

cm/sec 

Conductivity 

a 

tq 2 

ml 3 

1 

t, 

siemens 

/m 

9  x  10° 

sec-1 

q 

m 1/2i3/2 

Current 

I.  i 

t 

t2 

ampere 

3  x  109 

statampere 

1  /2 

Current 

density 

q 

rn 

ampere 

/m2 

3  x  105 

s  tat  amp  ere 
/  cm2 

j  •  j 

Pt, 

P/2t 2 

Density 

p 

m 

~P 

m 

~P 

1  /2 

III.  ' 

kg/m3 

in~3 

g/cm3 

Displacement 

D 

(1 

coulomb 

12tt  x  10° 

statcoulomb 

i 2 

pr-t 

/m2 

/  cm2 

Electric  field 

E 

in  i 

1/2 
m  ' 

-  x  1()-4 

3 

volt./ Ill 

statvolt/ cm 

t-q 

pr-t 

ml~ 

mX'-l l'2 

1 

st  at  volt. 

Elect  I'D- 

c 

volt 

-  x  10  - 

Ls  . 

motance 

Emf 

t-q 

t 

3 

in  i~ 

ml 2 

Energy 

U.  XV 

t2 

joule 

10' 

(>rg 

t 2 

Energy 

f. 

in 

Ti2 

joule  /  ill3 

10 

erg/cm3 

density 

■fl 
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\input  prolog  \pageno=ll 

\hof f set=l . OtrueinXvof f set =1 . 0truein\hsize=6 . 5truein\vsize=9 . Otruein 
\centerline{\  >\nointerlineskip 
$$\vbox{\tabskip=Opt  \of f inter 1 inesk ip 

\halign  to\hsize{#&\vrule#\tabskip=0 . 25 em  pluslem&#\hf il&\vrule#& 

#\hf ilfc\vrule#&$\displaystyle{#}$\hf ilfe\vrule#&$\displaystyle{#}-$\hf il&Xvrule# 
&#\hf il&\vrule#&#\hf il&\vrule#&#\hf ilfe\vrule#\tabskip=Opt\crXbs{0 . 2truein}\trule 
\om  &height2pt  &Xom  I  \om  I  \multispan3  I  \om  I  \om  I  \om  Sc  \cr 
\s I \om  I \om  I \rault ispan3\hf il  Dimensions  \hfil  I \om  |\om  I \om  Sc  \cr 
\s  I  \hfil  Physical  I  \hfil  Sym-  Xhidewidth  I  \multispan3  I  \hfil  SI  I 
\hfil  Conversion  Xhidewidth  I  \hfil  Gaussian  Sc  \cr  \bs{1.5ex} 

\noal  ign{\mover  lght  1 . 9 1  true  in  \vbox{\hrule  widthl . 45truein}}  \tska{7}{l .  Oex} 

\s  I  Xhfil  Quantity  I  \hfil  bol  I  \om  \hfil  SI  \hfil  I  \om  \hfil 
Gaussian  \hfil  I  \hfil  Units  I  \hfil  Factor  !  \hfil  Units  &  \cr 
Xtska{7}{7pt}  \brule  \tska{7}{ 1 . Opt}  \trule  \tska{7}{2pt> 

\m I  Force  !  {Xbf  F}  I  {ml}\cver{t‘2>  I  {ml}\over{t‘2}  I 
newton  I  $10*5$  I  dyne  &  \cr 

\ml  Frequency  I  $f,\nu$  |  l\over  t  I  l\over  t  !  hertz  I  1]  hertz  Sc  \cr 
Xml  Impedance  I  $Z$  I  {ml~2}\over{tq'2>  I  tXover  1  I  ohml 

$\displaystyle{ lXover  9}\times  10~{-ll}$  Xhidewidth  I  sec/cm  &  Xcr  \tska{7}{2pt} 
Xml  Inductance  I  $L$  I  {ml"2}Xover{q*2}  I  {t‘2}\over  1  I  henry  I 

$XdispIaystyle{lXover  9}\times  10'{-1 l}$\hidewidth  lsec$*2$/cm  Sc\c r  \tska{7}{2pt} 
X s !  Length  I  $1$  I  1  I  1  I  meter  (m)  I  $10*2$  I 

centimeter  Xhidewidth  &  Xcr  \tska{7}{2pt}  \bs{l.0ex} 

\s I  I  I  I  I  I  I  Xquad  (cm)  &  Xcr 

Xsl  Magnetic  I  {Xbf  H>  I  q\over{lt}  I  {m~{l/2}>  \over{l *{ 1 /2}t>  I 

ampere--  I  $4\pi\timesl0~{-3}$  Xhidewidth  I  oersted  Sc  Xcr  \bs{l.Sex} 

Xsl  Xquad  intensity  I  I  I  I  Xquad  turn/m  I  |  Sc  Xcr 
Xml  Magnetic  flux  I  $XPhi$  I  {ml"2}\over{tq}  !  {ra"{l/2}-l~{3/2)-)- 
Xover  t  I  weber  I  $10*8$  I  maxwell  &  Xcr  \tska{7}{2pt} 

Xml  Magnetic  I  {Xbf  Bl  I  m\cv<'J.{tq}  I  {m'{l/2}>\over  {l*{l/2}t}-  I 
tesla  I  $10*4$  I  gauss  &  Xcr  \bs{l.75ex} 

Xsl  Xquad  induction  I  I  I  I  I  I  &  Xcr 

Xml  Magnetic  I  $m ,  \nu$  I  {1‘2  qlXover  t  I  {m‘{l /2}l"{5/2}}\over  t  I 

ariper - m$  ‘2$  '  h  ■>  ’  width  I  $10*3$  I  oersted--  Sc  Xcr  \bs{1.75ex} 

\r|  Xquad  moment  I  I  I  I  I  I  Xquad  cm$*3$  Sc  Xcr 

I  Magnetization  Xhidewidth  I  {Xbf  M>  I  q\over{lt>  I  {m*{l/2»\over 
(I--. /2}t>  I  ampere--  Xhidewidth  I  $10*{-3}$  I  oersted  &  Xcr  \bs{1.75ex} 

\s i  I  i  I  I  Xquad  turn/m  I  I  &  Xcr 

Xr 1  Magneto-  I  {Xcs  M} ,  I  qXover  t  I  {m* { 1 /2}1 * { l/2}}\over {t *2}  I 

nmpeie--  I  $\di spl aystyle{4N pi  Xover  10}$  I  gilbert  6  Xcr  \bs{2.0ex} 

Xsl  Xquad  motance  I  Mmf  I  I  I  Xquad  turn  I  (  Sc  Xcr 

Xm 1  Mar  s  I  $m ,  M$  Xhidewidth  i  m  I  m  I  kilogram  I  $  1 0 ~ 3 $  I  gram  (g)£\cr\bs{ 1 . 75ex} 

Xsl  II  I  I  Xquad  (kg)  I  I  Sc  Xcr 

Xml  Momentum  I  ${XM  p} ,  {' bf  P}$  I  {ml}\over  t  I  {ml>\over  t  I 
kg-- m  'r  1  $10*51:  |  g — cm ''sec  ?;  Xcr 
Xml  Momentum  I  I  m\over{l'2  t}  I  mXover{l*2  tl  I  kg/m$*2$ — s  I 
$10*{-1}$  I  g / c m $  ‘  2  $  -  -  r.  e c  t  Xcr  \bs{1.7&ex> 

Xsl  Xquad  density  I  I  I  I  i  I  Sc  Xcr 

Xml  Permeability  I  $\mu$  I  {ml }\over{q*2}  I  1  I  henry/m  1 

$\d  l  cpl  ays  t  yle{  1  Xover  4  pi  IX  times  10*{7\ph{C>}$  I  Xqquad - Sc  Xcr 

X t ska {7}{2pt}  'trule}}$$  X vf i 1 ' e j ec tXend 
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Dimensions 


Physical 

Quantity 


Sym- 


F 


frequency 

Impedance 

Inductance 


Length 


Magnetic 

intensity 


Magnetic  flux  <I> 


Magnetic  B 

induction 

Magnetic  m. 

moment 

Magnetization  M 


M  agnet.o- 
lnut  mice 

Mass 


Momentum 

Momentum 

density 

Permeahility 


M. 

M  mf  f 

tn .  M  m 

p.p 


SI 

Conversion 

Units 

Factor 

newton 

105 

hertz 

1 

ohm 

i  x  10“ 11 

9 

henry 

i  x  Mr11 

9 

meter  (m) 

102 

ampere 

4? r  x  10-3 

turn/ m 

we  her 

10s 

tesla 

104 

O 

ampere-  nr 

103 

ampere- 
turn/  m 

io-3 

47T 

<1111  p  0 1  (. 

10 

turn 

kilogram 

1()3 

(kg) 

kg  m/s 

It)3 

kg/m2  s 

1()_  1 

henry/m 

1  7 
—  x  10 

4  7T 

«  •  _r  •  -  "  » 

.  v  *w  ,  *_* 

V  S.  -'w 

U  nits 


dyne 

hertz 


sec/  cm 


sec2 /cm 

centimeter 

(cm) 

oersted 

maxwell 

gauss 

oersted 

cm3 

oersted 

gilbert 

gram  (g) 

g  cm/sec 
g/em“  sec 


\input  prolog  \pageno=12 

Xhof f set  =  l . OtrueinXvoff set=l . 0truein\hsize=6 . 5truein\vsize=9 . Otruein 

\centerline{\  }\nointerl inesk ip 

$$\ vbox{\tabskip=Opt  Xoffmterlineskip 

Xhal ign  to\hs ize{#ft\ vrul e#\tabsk ip=0 .  25em  plus  1 emft#\hf ilft\vrule#& 
#\hfil&Xvrule#ft$\displaystyle{#}$\hf ilft\vrule#ft$\displaystyle{#}$\hf il&Xvrule# 
ft#\hfilft\vrule#ft#\hf  lift X vr ul e#ft#Xhf ilftXvrule#\t abskip=Opt Xcr \bs{0 .2truem}\trule 
\om  ftheight2pt  t\om  I  \cm  I  \multispan3  I  \om  I  Xom  I  Xom  ft  \cr 
\sl\om  I \om  I \multispan3\hf ll  Dimensions  \hfil  I \om  I \om  I \om  ft  \cr 
\s  I  \hfil  Physical  I  \hfil  Sym-  Xhidewidth  I  \multispan3  I  \hfil  SI  I 
\hfil  Conversion  \hidewidth  I  \hfil  Gaussian  Sc  \cr 

\bs{ 1 . 5ex}\noal ign{ \mover lght  1  69truem  \vbox{\hrule  width  1 ,45truem}}\tska{7}{l  .Oex} 
\s  I  \hfil  Quantity  l  \hfil  bol  I  \om  Xhfil  SI  \hfil  I  \om  \hfil 
Gaussian  \hfil  !  \hfil  Units  I  \hfil  Factor  I  \hfil  Units  ft  \cr 
\tska{7}{7pt>  \trule  \t ska{7}{ 1 . Opt}  \trule  \tska{7} {2pt} 

Xml  Permittivity  I  $\epsilon$  I  {t"2q"2}\over{ml‘3}  I  1  I  farad/m  I 

$36\pi\times  10~9$  I  Xqquad  -  ft  \cr 

Xml  Polarization  I  {Xbf  P}  I  qXover{l~2}  I  {m~{l/2}}Xover{l"{l/2}t}  I 

coulomb/m$"2$  Xhidewidth  l$3\times  10“ 5$ I  statcoulombXhidewidth  &XcrXbs{l . 5ex} 

\s I  I  I  I  I  I  I  Xquad  /cm$'2$  ft  \cr 

Xml  Potential  l$V,\phi$  Xhidewidth  I {ml“2}\over{t‘2q}  1 {m‘{l/2}l‘{l/2}} 

Xover  t  Ivolt  I $\displays tyle{ lXover  3}\t imes 10“ {-2}$  Istatvolt  &\cr\tska{7}{3pt} 
Xml  Power  I  $P$  I  {ml*2}\over{t~3}  I  {ml‘2}\over{t ‘3}  I  watt  I  $10"7$  | 
erg/sec  ft  Xcr 

\m|  Power  I  I  m\over{l  t"3}  I  m\over{l  t"3}  I  watt/m$‘3$  I  10  I 
erg/cm$‘3$  —  sec  Xhidewidth  Si  Xcr  \bs{1.75ex> 

Xsl  Xquad  density  I  I  I  I  I  I  &  Xcr 

Xml  Pressure  I  $p,  P$  Xhidewidth  I  m\over{l  t‘2>  I  m\over{l  t"2>  I 
pascal  I  10  I  dyne/cm$'2$  &  Xcr  \tska-C7}{2pt} 

Xsl  Reluctance  I  {\cs  R}  I  {q"2}\over{ml*2>  I  lXover  1  I 

ampere — turn  Xhidewidth  l$4\pi\times  10‘{-9}$  Xhidewidth  I  cm$'{-l}$  &\cr\bs{ 1 . 5ex } 
Xsl  I  I  I  I  Xquad  /we ber  I  I  Sc  Xcr 

Xml  Resistance  I  $R$  I  •Cml‘2}\over{tq'2}  I  tXover  1  I  ohm  I 

$\displaystyle{l\over  9}\times  10"{-ll}$  Xhidewidth  I  sec/cm  ft  Xcr  \tska{7} {3pt } 

\m|  Resistivity  I  $\eta,\rho$  I  {ml'3}\over{tq"2}  I  t  I  ohm--m  I 
$\displaystyle{l\over  9}\times  10*{-9}$  I  sec  ft  Xcr  \tska{7}{3pt} 

Xsl  Thermal  con-  Xhidewidth  I  SXkappa,  kS  I  {ml}\over{ t " 3}  I 

{ml}\over{t"3}  I  watt/m--  I  $10'5$  I  erg/cm — sec--  Xhidewidth  ft  Xcr  \bs{l  £ex> 

Xsl  Xquad  ductivity  I  I  I  I  Xquad  deg  (K)  $Xph{0}$  I  I  Xquad 
deg  (K)  $\ph{0}$  ft  Xcr  \tska{7}{2pt> 

Xsl  Time  I  $t$  I  t  I  t  I  second  (s)  I  1  I  second  (sec)ft  Xcr 
Xml  Vector  I  {Xbf  A}  I  {ml}\over {tq}  I  {m‘{l/2>  1 ' { 1 /2}}\over  t  I 
weber/m  I  $10‘6$  I  gauss--cm  ft  Xcr  Xbs{2.0ex} 

Xsl  Xquad  potential  I  I  I  I  I  I  ft  Xcr 

Xml  Velocity  I  {Xbf  v}  I  lXover  t  I  lXover  t  i  m/s  I  $10'2$  I  cm/sec  ft  -cr 
\m I  Viscosity  I  $\eta,\mu$  I  m\over{l  t}  I  m\over{l  t}  I  kg/m--s  I  10  I 
poise  ft  Xcr  \tska{7}{2pt} 

Xml  Vorticity  I  $\zeta$  I  lXover  t  I  lXover  t  I  s$‘{-l}$  I  1  I  sec$'{-l}$  ft  Xcr 
Xml  Work  I  $W$  I  {ml " 2}Xover{t ‘ 2}  I  {ml * 2}\over {t " 2}  I  joule  I  $10'7$  I 
erg  ft  Xcr  \tska{7}{2pt}  \trule}}$$  Xvf i lXe ] ectXend 


Dimensions 

Physical 

Quantity 

Sym¬ 

bol 

SI 

Gaussian 

SI 

Units 

Conversion 

Factor 

Gaussian 

Units 

Permit!  i  vity  <- 
Polarization  P 

Potential  V.(j> 

f’owcr  P 

Power 

density 

Pressure  p.  P 

Reluctance  'R. 

Resist.ance  ft 

Resistivity  p.p 

Thermal  con-  k  .  /.• 
d  net  i  vi ty 

Time  t 

X'erini'  A 

jxit  ent  ial 

Velocity  v 

\’  i  "'  i  >si  ty  tj.  p 

Yortieity  r," 

Work  IP 


farad /m 

36tt  X  10J 

coulomb  /  m2 

3  x  103 

stat.eoulomb 

/cm2 

volt 

1 

-  X  10  “ 

3 

s  tat  volt. 

watt. 

1()7 

erg/sec 

watt/  m3 

10 

erg/cm3  see 

pascal 

10 

dyne/cm2 

ampere  turn 
/weber 

4tt  x  10_a 

cm"1 

ohm 

I  x  Id-11 

9 

sec/ cm 

ohm  m 

1  -9 

-  x  10  9 

9 

see 

wat  t/  m 
deg  (  K) 

HP 

erg/cm  sec 
•  leg  (  K  ) 

second  (s) 

1 

second  (  see  ) 

weber/m 

Ml'* 

gauss  cm 

\input  prolog 

\hof f set=l . 25truein\vof f set=l . 0truem\hsize  =  6 ,0truein\vsize=9.0truein 

\pageno=13 

\centerline{\headf ont  INTERNATIONAL  SYSTEM  (SI)  NOMENCLATURES '6$} 
\nointerlineskip 

$$\vbox{\tabskip=Opt  \off interlineskip  \def \S{{$\ph{*>$>> 

7,  \S  is  used  to  leave  the  space  of  an  asterisk,  so  that  text  lines  up. 
\halign  to  \hs ize{\vrule#  \tabskip=0 . 5em  plus2em  minusO . 5em&#\hf il\strut&\vrule# 
4#\hf i 14 \ vrul e#4\hf il#\hf il4\ vrul e#\tabsk ip=Opt\hskipl . Opt&\vrule# 

\tabskip=0 . 5em  plus2em  minus  1 em&#\hf il\strut4\vrule#4#\hf il4\vrule# 

4\hf il#\hf il4\vrule#\tabskip=0pt\cr  \trule  \tskb{2pt>  \bs{lpt> 

4\hfil  Physical  I \hfil  NamelSymboll 

4\hfil  Physical  I \hfil  Name  I Symbol&\cr  \bs{lpt> 

4\hfil  Quantity  I  \hf  ll  of  UmtlXhfil  for  Unit  I 

4\hfil  Quant lty I \hf ll  of  UnitlXhfil  for  Unit4\cr  \tskb{2pt}  \bs{lpt}  \trule 
\tskb{l.0pt>  \trule  \tskb{2pt>  \bs{lpt> 

4*lengthlmeterlml&electnc|volt|V&\cr  \bs{2pt} 

4\om I \om I \om | ^potential  I  I4\cr  \bs{2pt} 

4 ‘mass I k i log ram  I  kg  I 4\om I \om I \om4\cr  \bs{2pt} 

4\om I \om I \om I feelectr ic I  ohm  I $\0mega$4\cr  \bs{2pt} 

4‘ t ime I  second  I s I 4r es istance I \om I \om4\cr  \tskb{2pt} 
4*currentlampere|A|4electriclsiemenslS4\cr  \bs{2pt } 

4\om  I  \ orr.  I  \om  I  4conductance  I  \om  I  \om&\cr  \bs{2pt.} 

&• temperature lkelvinlKl4\oml\oml \omfe\cr  \hs{2pt} 
4\oml\oml\om|4electriclfaradlF4\cr  \bs{2pt} 

4*amount  of  I  mole  I  mol  I ^capacitance  I \om i \om&\cr  \bs{2pt} 

4\S  substance  I \om I \om I 4\om I \om I \om&\cr  \bs{2pt>  \bs{2pt> 

4\om I \om I \om I 4magnet ic  f lux  I ueber I Wb4\cr  \bs{2pt} 

4 ‘luminous  I  candela  I cd I 4\om I \om I \om&\cr  \bs{2pt} 

4\S  intensity  I \oml \om I fcmagnet ic I  henry  I H4\cr  \bs{2pt} 
&\oml\oml\om|4inductancel\oml\om&\cr  \bs{2pt} 

4\dag  plane  angle  I  radian  I  rad  I 4\om I \om I \om&\cr  \bs{2pt} 

4\om I \om I \om I 4magnet ic lteslalT4\cr  \bs{2pt } 

4\dag  solid  angle  I steradian I sr l&intensity I \om ! \omi\cr  \tskb{2pt} 

4' S  f requency I  hertz  I  Hz  I iluminous  f lux  I  lumen  I lm4\cr  \tskb{2pt} 

&  ■  S  enet  gy  I  )  oul  e  I  J  I  4 1 1 1  um  inane  e  1 1  ux  1 1  x&\cr  \tskb{2pt } 

4\S  f or ce ! newton  I N I 4act l v lty  (of  a  I becquerel i 5q4x cr  \bs{2pt} 

4\om I \ t  m I \om I 4r adi oact l ve l\om I \om4\cr  \bs{2pt> 

4 S  pr sure  I  pascal  I  Pa  I  4 sour c e  )  I  \om  I  \  cm4\er  \  t.skb{2pt> 

4'  S  power  I  watt  I W  I  4abnorbe<I  dose  I  gray  I  (iyt'.rr  \bs{2pt> 

1  r. !  '..••ml 4 (of  ;on  izmp,  I '  ‘.m  !  •  tr4  cr  '  b. } 

4':'  e  i  •  *  i  i  r  chat  ge  I  r  o-il mb  I  C  !  4  rad  l  at  l  on )  I  rr  I  ■  n.  4  .  •  bsf  lpt} 
h  ’  '*  ‘  m  1 1  r  m  !  \  .'-m  !  4  ■  rd  '  <  s  4  ■  c  r  ’  r  ’  t.  •  -  >  1 11 
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'  ha 2  lgn  t  o  '  hsize{\ vrul  e#  .  tabsk  ip=  lem  plus2em  minus  1  em4\quad#\hf  1 14'.vrul  e# 

4»  . h f  lit  vr  til  e8fc\  hf  1 1#  \  hf  1 1  V  s  t.  r  ut4'>  vrul  e#'  tabsk  ip-  Opt '  hsk  ip  1  .  Cpt  4\  vrule# 

'  tabsk  ip- lem  plus2em  m intis  1  err 4  quad#'  hf  ll .4'  vrule#4#‘  hf  1 1  4  vi  ul  e# 

4'  hfil#'<hf  il4ivrule#\tabrkip  =  0p»  '.cr  ' trule  tskb{2pt> 

4\om '  h  f  1 1  1  hw  Mult  iple\hw  •  hf  ll  I '  hf  il\hw  Pref  l  x  '■  hw  I  \  hw  Symbol \hw  I 


a\om\hfil\h«  Mult iple\hw\hf il I \hf il\hu  Pref ix\hw I \hu  Symbol\huic\cr 
\tskb{2pt}  \trule  \tskb{l . Opt}  \trule  \tskb{2pt} 
*$10'*'{-l}$ldeci|dlfc$10$|deca| da&\cr  \tskb{lpt> 
ft$10‘{-2}$ I  cent i I c I &$10‘2$ I hecto I hii\cr  \tskb{lpt} 
&$10~{-3}$lmillilra|4$10~3$lkilo| kft\cr  \tskb{lpt} 

&$10'{-6}$lmicrol  $\mu$  I  fc$10  "6$  I  mega  I M4\cr  \tskb{lpt} 

4$10'{-9}$ I  nano  I n I 4$ 10 '9$ I giga I G4\cr  \tskb{ lpt} 
4$10'{-12}$!picolpl4$10"{l2}$| tera | T4\cr  \tskb{ lpt} 

4$10'{-1S}$ I f emto |f|4$10'{15}$| pet a  I  P4\cr  \tskb{lpt} 

4$10‘{- 18}$ | atto I  a  1 4$10~{18}$ I exa I E4\cr  \tskb{2pt}  \trule}}$$ 

\vf ill\e j  ectXend 


INTERNATIONAL  SYSTEM  (SI)  NOMENCLATURE 


Physical 

Name 

Symbol 

Quantity 

of  Unit 

for  Unit 

Physical 

Quantity 


Name 
of  Unit 


Symbol 
for  Unit 


♦length 

meter 

m 

*  mass 

kilogram 

kg 

♦time 

second 

s 

♦current. 

ampere 

A 

♦temperature 

kelvin 

I< 

♦amount,  of 
substance 

mole 

mol 

♦luminous 

intensity 

candela 

cd 

tpiane  angle 

radian 

rad 

fsolid  angle 

steradian 

si¬ 

frequency 

hertz 

ll/. 

electric 

potential 

electric 

resistance 

electric 

conductance 

electric 

capacitance 

magnetic  flux 

magnetic 

inductance 

magnetic 


energy 

force 

pressure 

power 

elect  ric  charge 
SI  base  unit 


M ult  iple 


hertz  Hz  luminous  flux 

joule  J  illuminance 

newton  N  activity  (of  a 

radioactive 

pascal  Pa  source) 

watt  W  absorbed  dose 

(of  ionizing 

coulomb  C  radiation) 

f Supplementary  U nit 

METRIC  PREFIXES 

Prefix  Symbol  Multiple 


volt 

ohm 

siemens 

farad 

weber 

henry 

tesla 

lumen 

lux 

becquerel 

gray 


Prefix  Symbol 


:  '  '  - 

10 

deea 

da 

102 

liect.o 

h 

1()3 

kilo 

k 

10G 

mega 

M 

1()9 

Pga. 

G 

1012 

t.era 

T 

K)10 

peta 

P 

1018 

(‘x;t 

E 
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k  \quad\quad  free  space  II  I  k  \cr  \tskc{4}{2pt> 

&  Proton/electron  mass  I  ${m_p}/{m_e}$  I  $1 . 8362\timesl0  3$  I  &  \cr 
k  \quad\quad  ratio  I  I  I  k  \cr  \tskc{4}{2pt} 
k  Electron  charge/mass  I  $e/{m_e}$  I  $  1 . 7S88\t imes 1 0  {ll}$  I  C$\,$kg$  { 
k  \quad\quad  ratio  I  I  I  ft  \cr  \tskc{4>{2pt} 
k  Rydberg  constant  I  $R_\mf ty=\displaystyle  {me‘4  Vover  8{\epsilon.O} * 
ch‘3>$  I  $1 ,0974\timesl0'7$  I  m$'{-l}$  &  \cr  \tskc{4>{2pt> 
k  Bohr  radius  I  $a_0=\epsilon_0  h'2/\pi  me"2$  I  $S . 29 18\t imes 1 G  {-111$ 
\tskc{4>{2pt> 

&  Atomic  cross  section  [  $\pi  {a_0}  2$  I  $8 . 79  /  4\t imes  1 0  {-21}$  !  m$  ~$ 
\tskc{4}{2pt} 

k  Classical  electron  radius  I  $r_e=e'2/4\pi  \epsilcn_0  me  2$  IS2.8179 
\t imes 10 * {- 1 5}$  I  m  &  \cr  \tskc{4>{2pt> 

&  Thomson  cross  section  | $ (8\pi/3) {r_e}  2$  I $6 . 6524\t imes 10  {-29}$  I m$ 
\tskc{4}{2pt} 

&  Compton  wavelength  of  I  $h/{m_ec}$  I  $2 . 4263\t imes 10' {- 12}$  I  m  &  \cr 
k  \quad\quad  electron  I $\hbar  /{m_ec}$  I $3 . 8616\t imes 10 ' {- 13}$  Im 
k  \cr  \tskc{4}{2pt} 

k  Fine-structure  constant  I  $\alpha=e'2/2  \epsilon_0  h  c$  , 
$7.2974\timesl0'{-3}$  I  k  \cr 

&  !  $\alpha‘{-l}$  I  \hfil  $137.04$  I  k  \cr  \tskc{4}{2pt> 
k  First  radiation  constant  I  $c_l=2\pi  he  2$  I  $3 . 74 18\t imes 1 0  {-2}$  I 
W$\  , $m$ *2$  k  \cr  \tskc{4}{2pt> 

&  Second  radiation  I  $c_2=hc/k$  I  $1 .4388\timesl0-{-2}$  I  m$\,$K  &\cr 
&  \quad\quad  constant  I  I  I  k  \cr  \tskc{4}{2pt} 
k  Stef an-Boltzmann  I  $\sigma$  I  $5 . 6703\t imes 10  {  8}$  I 
W$\,$m$'{-2}$K$-{-4}$  k  \cr 

k  \quad\quad  constant  I  I  I  &  \cr  \tskc{4}{2pt}  \trule}}$$ 

7.  END  OF  RULED  TABLE. 
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$$\vbox{\of f interl meskip  \def \quad{\hskip  4pt}  \def \quid (\hskip  Ipt}  \hrule 

V. 

’/.  The  definitions  of  \quad  and  \quid  change  from  table  to  table  in  order 
*/.  to  keep  overall  table  widths  the  same. 

•/. 

\halign  {&\vrule#  &\quad  #\hfil  \quid  &\vrule8  ft\strut  \quad  #\hfil  \quid 
ft\vrule#  &\quad  #\hfil  \quid  ft\vrule#  ftVquad  #\hfil  \quid  ftXvrule#  \cr  \t skc{4}{2pt } 
ft\hfil  Physical  Quantity  I  \hfil  Symbol  i  \hfil  Value  I  \hfil  Units  ft  \cr 
\tskc{4}{2pt}  \trule  \tskc{4}{  1 . Opt}  \trule  \tskc{4}{2pt} 

&  Wavelength  associated  I  $\lambda_0  =  hc/e$  i  $1 . 2399\timesl0‘{-6}$  I  m  ft 
\cr  St  \quad\quad  with  1  eV  I  I  I  ft  \cr  \tskc{4}{2pt} 

ft  Frequency  associated  I  $\nu_0  =  e/h$  I  $2 . 4 180\t imes 10“ { 14}$  I  Hz  &  \cr 
ft  \quad\quad  with  1  eV  I  I  I  &  \cr  \tskc{4}{2pt} 

ft  Wave  number  associated  I  $k_0  =  e/hc$  I  $8 . 0655\t imes 10*5$  I  m$‘{-l}$  ft  \cr 
&  \quad\quad  with  1  eV  I  I  I  St  \cr  \tskc{4}{2pt} 

St  Energy  associated  with  I  $h\nu_0$  I  $1 .6022\timesl0'{-19}$  I  J  ft  \cr 
ft  \quad\quad  1  eV  I  I  I  ft  \cr  \tskc{4}{2pt} 

ft  Energy  associated  with  I  $hc$  I  $  1 . 986S\ t imes 10 " {-25}$  I  J  ft  \cr 
ft  \quad\quad  1  m$"{-l}$  |  |  |  ft  \cr  \tskc{4}{2pt} 

ft  Energy  associated  with  I  $me* 3/8{\epsilon_0}*2  h'2$  Ivhfil  13.606  I  eV  4  cr 
ft  \quad\quad  1  Rydberg  I  I  I  ft  \cr  \tskc{4}{2pt} 

ft  Energy  associated  with  I  $k/e$  I  $8 . 6173\t imes 1 0* { - 5} $  I  eV  ft  \cr 

ft  \quad\quad  1  Kelvin  I  I  I  ft  \cr  \tskc{4}{2pt} 

ft  Temperature  associated  I  $e/k$  I  $  1 . 160S\t imes 10 *4$  I  K  ft  \cr 

ft  \quad\quad  with  1  eV  I  I  I  ft  \cr  \tskc{4}{2pt} 

ft  Avogadro  number  I  $N_A$  I  $6. 0220\timesl0*{23}$  I  mol$‘{--l}$  ft  \cr  \tskc{4}{2pt} 
ft  Faraday  constant  l$F=N._Ae$  I$9.6485\timesl0*4$  I  C$\ , $mol$'{-l}$  ft\cr\tskc{4}{2pt} 
ft  Gas  constant  I  $R=N_Ak$  I  \hfil  8.3144  I  J$\ , $K$* {- 1 }$mol$ * {- 1 }$  ft  \cr 
\tskc{4}{2pt} 

ft  Loschmidt’s  number  I  $n_0$  I  $2 . 6868\t imes 10* {25}$  I  m$*{-3}$  ft  \cr 
&  \quad\quad  (no.  density  at  STP)  I  I  I  ft  \cr  \tskc{4}{2pt} 

ft  Atomic  mass  unit  I  $m_u$  I  $  1 . 6606\t imes 1 0 * {-27}$  I  kg  ft  \cr  \tskc{4}{2pt} 
ft  Standard  temperature  I  $T_C$  I  \hfil  273.16  I  K  ft  \cr  \tskc{4}{2pt} 
ft  Atmospheric  pressure  I  $p_0=n_0kT_0$  I  $  1 . 0133\t imes 10*5$  I  Pa  ft  \cr  \t skc {4 }{2pt } 
ft  Pressure  of  1  mm  Hg  I  I  $  1 . 3332\t imes 1 0* 2$  !  Pa  ft  \cr 
ft  \quad\quad  (1  torr)  [lift  \cr  \tskc{4}{2pt} 

ft  Molar  volume  at  STP  I  $V_0  =  RT_0/p_0$  I  $2 . 24 1 5\t imes 10  * {- 2}$  I  m$*3$  ft  \cr 
\tskc{4}{2pt} 

ft  Molar  weight  of  air  I  $!i _{\rm  air}$  I  $2 . 897 1  \ t  imes  1 0 '  {-2}$  I  kg  ft\er\tskc{4}{2p*_} 
ft  calorie  (cal)  I  I  \hfil  4.1868  I  J  ft  \cr  \tskc{4}{2pt} 
ft  Gravitational  I  $g$  I  \hfil  9.8067  I  m$\ , $s$ * {-2}$  ft  \cr 
ft  \quad\quad  acceleration  I  I  I  ft  \cr  \tskc{4}{2pt}}  'hrule}$$ 

\vfil\eject\end 


Physical  Quantity 


Symbol 


Value 


Units 


Wavelength  associated 

A0  =  he/ e 

1.2399  x  10-6 

m 

with  1  eV 

Frequency  associated 

"o  =  e//i. 

2.4180  x  1014 

Hz 

with  1  eV 

Wave  number  associated 

A:0  =  e/hc 

8.0055  x  105 

in"1 

with  1  eV 

Energy  associated  with 

hu0 

1.0022  x  IO"19 

J 

1  eV 

Energy  associated  with 

he 

1.9SG5  x  10-25 

.1 

1  m_1 

Energy  associated  with 

me 3  /8<?o  2  h2 

13.000 

eV 

1  Ovdberg 

Energy  associated  with 

k/e 

8.0173  x  10-5 

eV 

1  Kelvin 

Temperature  associated 

ejk 

1.1005  x  104 

K 

with  1  eV 

A vo gad ro  number 

Na 

0.0220  x  1023 

mol-1 

Faraday  constant 

II 

9.G485  x  104 

Cmol"1 

Cias  const  ant 

/?  =  Na  k 

8.3144 

J  I<  “ 1  mol _  1 

Losehmidt.'s  number 

n0 

2.0808  x  1025 

in"3 

(  no.  density  at  STP) 

Atomic  mass  unit 

m,  „ 

1 .0000  x  10-27 

kg 

Standard  temperature 

To 

273.10 

K 

At  mospherie  pressure 

l>o  —  "okTo 

1.0133  x  105 

Pa 

Pressure  of  1  mm  fig 

1.3332  x  102 

Pa 

(  1  ton) 

Molar  volume  at  STP 

Vo  =  ItTo/vo 

2.2415  x  IO-2 

m3 

Mola  r  weight  of  air 

V/„ir 

2.8971  x  IO-2 

kg 

calorie  ( cal ) 

4.1SG8 

J 

C i  ra  v  i t  a t  io na  1 

!l 

9.S0G7 
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$$\vbox{\off mterlineskip  \def \quad{\hskip  3pt>  \def \quid{\hskip  Opt}  \hrule 

’/. 

’/.  The  definitions  of  \quad  and  \quid  change  from  table  to  table  in  order 
’/,  to  keep  overall  table  widths  the  same. 

y. 

\halign  {&\vrule#  ft\quad  #\hfil  \quid  &\vrule#  &\strut  \quad  #\hfil  \quid 
&\vruleft  &\quad  #\hfil  \quid  &\vrule#  &\quad  #\hfil  \quid  &\vrule#  \cr  \tskc{4}{2pt} 
ftVhfil  Physical  Quantity  I  \hfil  Symbol  I  \hfil  Value  !\hfil  Units  &\cr\tskc{4}{2pt} 
\trule 

heightl.Opt  &\om  I  \om  I  \ora  I  \cm  &  \cr 
\trule  \tskc{4}{2pt} 

Sc  Boltzmann  constant  I  $k$  ! $  1 . 3S07\t imes 1  O' {- 1 6}$  I erg/deg$\ , $ (K)  &\cr\tskc{4}{2pt} 
£  Elementary  charge  I  $e$  I  $4 . 8032\timesl0'{-10}$  I  statcoulomb  Sc  \cr 
&  I  I  I  \quad  (statcoul)  Sc  \cr  \tskc{4}{2pt} 

&  Electron  mass  I  $m_e$  I  $9 . 3 095\t imes 10'{-28}$  I  g  Sc  \cr  \tskc{4}{2pt} 

&  Proton  mass  I  $m_p$  I  $1 . 6726\timesl0'{-24}$  I  g  Sc  \cr  \tskc{4}{2pt} 

&  Gravitational  constant  |  $G$  I  $6 . 6720\timesl0‘{-8}$  I 
dyne-cm$'2/$g$'2$  Sc  \cr  \tskc{4}{2pt} 

Sc  Planck  constant  I  $h$  I  $6 . 6262\t imes 10" {-27}$  I  erg-sec  &  \cr 

Sc  I  $\hbar  =  h/2\pi$  I  $  1 . 0546\t imes  10' {-27}$  i  erg-sec  Sc  \cr  \tskc{4}{2pt} 

&  Speed  of  light  in  vacuum  I  $c$  I  $2 . 9979\t imes 10' { 10}$  I  cm/sec  &\cr\tskc{4}{2pt} 

Sc  Proton/electron  mass  I  ${m_p}/{m_e}$  I  $  1 . 8362\t imes 1  O' 3$  I  6  \cr 
&  \quad\quad  ratio  I  I  I  &  \cr  \tskc{4}{2pt} 

Sc  Electron  charge/mass  I  $e/{m_e}$  I  $5 . 2728\t imesl0'{ 17}$  I 
statcoul/g  &  \cr 

Sc  \quad\quad  ratio  I  I  I  &  \cr  \tskc{4}{2pt} 

&  Rydberg  constant  I  $R_\inf ty=\displaystyle{{2\pi'2me"4}\over{ch‘3}}$  I 
$1 . 0974\timesl0'5$  I  cm$‘{-l}$  &  \cr  \tskc{4}{2pt} 

&  Bohr  radius  I  $a_0=\hbar *2/{me'2}$  I  $5 . 2918\t imeslO' {-9}$  I  cm  fc\cr\tskc{4}{2pt} 

&  Atomic  cross  section  I  $\pi  {a_0}'2$  I  $8 . 7974\t imeslO' {-17}$  | 
cm$'2$  &  \cr  \tskc{4}{2pt} 

&  Classical  electron  radius  I  $r_e=e'2/{mc'2}$  1  $2 . 8179\t imes 10 '{- 1 3}$  I 
cm  Sc  \cr  \tskc{4}{2pt} 

&  Thomson  cross  section  I  $ ( 8\pi/3) {r_e}'2$  I  $6 . 6524\t imes 10 ‘ {-25}$  I 
cm$'2$  &  \cr  \tskc{4}{2pt} 

&  Compton  wavelength  of  I  $h/{m_ec}$  I  $2 . 4263\t imes 10 '{- 10}$  I  cm  &  \cr 
Sc  \quad\quad  electron  I  $\hbar/{m_ec}$  I $3 . 86 16\t imes 10 ' {- 1 1 }$  I  cm  &\cr\tskc{4}{2pt} 
Sc  Fine- structure  constant  I  $\alpha=e'2/\hbar  c$  I  $7 . 2974\t imes 10'{-3}$  !  t  \c r 
Sc  I  $\alpha' {- 1 }$  I  \hfil  $137.04$  I  &  \cr  \tskc{4}{2pt} 

Sc  First  radiation  constant  i  $c_l=2\pi  hc'2$  I  $3 . 74 1 3\ t imes 10' {-S}$  I 
erg-cm$'2/$cec  &  \cr  \tskc{4}{2pt} 

Sc  Second  radiation  I  $c_2  =  hc/k$  I  \hfil  $1.4288$  I  cm-deg$\ ,  $  (K)  Sc  \cr 
Sc  \quad\quad  constant  I  I  I  Sc  \cr  \tskc{4}{2pt} 

Sc  Stef  an-Boltzmann  I  $\sigma$  I  $5 . 6703\t  imes  1  O' { -5}$  ]  erg/cm$'2$-  Sc  \cr 
Sc  \quad\quad  constant  I  I  I  \quad  sec-deg$'4$  Sc  \cr  \tskc{4}{2pt} 

Sc  Wavelength  associated  I  $\lambda_0$  I  $  1 . 2399X t imes  1 0 ' {-4}$  1  cm  &  \cr 
Sc.  \quad\quad  with  1  eV  I  I  !  &  \cr  \tskc{4}{2pt}  \trule}}$$ 

\vfil\eject \end 
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Physical  Quantity 


Boltzmann  constant 
Elementary  charge 

Electron  mass 
Proton  mass 
Gravitational  constant 
Planck  constant 

Speed  of  light,  in  vacuum 

Proton / electron  mass 
ratio 

Electron  charge / mass 
ratio 

Rydberg  constant 

Bohr  radius 
Atomic  cross  section 
Classical  electron  radius 
Thomson  cross  section 

Compton  wavelength  of 
elect  roil 

Eine-st  met  m  e  constant. 

First  radiation  constant 

Second  radiation 
constant 

S t  cfa  n -  Bolt  zma n n 
constant 

Wavelength  associated 
with  1  eV 


Symbol 

Value 

Units 

k 

1.3807  x  10_1G 

erg/deg  (I<) 

e 

4.8032  x  10-1° 

statcoulomb 
(statcoul ) 

me 

9.1095  x  10-28 

g 

■nip 

1.6726  x  10-24 

g 

G 

6.6720  x  10-8 

dync-cm2  /g2 

h 

6.6262  x  10-27 

erg-sec 

s* 

11 

?- 

to 

1.0546  x  10-27 

erg-sec 

c 

2.9979  x  101() 

cm/sec 

nip/nie 

1.8362  x  103 

e /  mc 

27 r2  me4 

5.2728  x  1017 

statcoul / g 

/?.00  —  - " - 

ch 3 

1.0974  x  10° 

cm-1 

a0  =  h2  fine2 

5.2918  x  l()-° 

cm 

7ra02 

8.7974  x  10~17 

*> 

cnr 

/y  =  r2  / me2 

2.8179  x  10~13 

cm 

(87r/3)l y  2 

6.6524  x  10-25 

o 

cnr 

h. fin  e  c 

2.4263  x  10“10 

cm 

hf  Til,  c 

3.8616  x  10-11 

cm 

tv  =  e2  / hr 

7.2974  x  10-3 

-  1 

137.04 

r  j  =:  2tt  hr2 

3.7418  x  10-5 

erg-rill'/  sec 

co  —  h.r.fk 

1.43S8 

cm-deg  ( K ) 

(7 

5.6703  x  10-5 

erg/cm  2 - 
sec-deg4 

A() 

1.2399  x  10-4 

cm 

16 
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$$\vbox{\of f interlineskip  \def \quad{\hskip  4pt>  \def \qu id{\hsk ip  lpt>  \hrule 

V. 

The  definitions  of  \quad  and  \quid  change  from  table  to  table  in  order  to 
'/,  keep  overall  table  widths  the  same. 

7. 

\halign  {StXvrule#  StVquad  flVhfil  \quid  &\vrule#  S:\strut  \quad  #\hfil  \quid 
&\vrule#  ScXquad  #\hfil  \quid  StXvrule#  ScXquad  8\hfil  \quid  SrXvruleS  \cr  \tskc{4}{2pt } 
StXhfil  Physical  Quantity  I  \hfil  Symbol  IXhfil  Value  |\hfil  Units  &\cr\tskc{4}{2pt} 
\trule 

heightl.Opt  StXom  I  \om  I  \om  I  \om  Sr  \cr 
\trule  \tskc{4}{2pt> 

Sr  Frequency  associated  I  $\nu_0$  I  $2 . 4180\t imes 10" { 14}$  I  Hz  St  \cr 
SrXquadXquad  with  1  eV  I  I  |  &  \cr  \tskc{4}{2pt} 

&  Wave  number  associated  I  $k_0$  I  $8 . 06S5\timesl0"3$  I  cm$‘{-l}$  Sr  \cr 
Sc  \quad\quad  with  1  eV  I  I  I  &  \cr  \tskc{4}{2pt} 

St  Energy  associated  with  I  |  $  1 . 6022\t imes 10"{- 1 2}$  I  erg  &  \cr 

fe  \quad\quad  1  eV  I  I  I  Sc  \cr  \tskc{4}{2pt } 

St  Energy  associated  with  I  I  $  1 . 9865\t imes 10 16}$  I  erg  &  \cr 

St  \quad\quad  1  cm$‘{-l}$  I  I  I  Sr  \cr  \tskc{4}{2pt} 

Sc  Energy  associated  with  I  I  \hfil  13.606  I  eV  St  \cr 

St  \quad\quad  1  Rydberg  I  I  I  St  \cr  \tskc{4}{2pt} 

St  Energy  associated  with  I  I  $8 . 6173\timeslO‘{-S}$  I  eV  St  \cr 
St  \quad\quad  1  deg  Kelvin  I  I  I  Sc  \cr  \tskc{4}{2pt} 

&  Temperature  associated  I  I  $1 . 1 605\t imesl0‘4$  I  deg$\,$(K)  St  \cr 
Sc  \quad\quad  with  1  eV  I  I  I  S:  \cr  \tskc{4}{2pt} 

St  Avogadro  number  I  $N_A$  I  $6 . 0220\times i0“{23}$  I  mol$"{-l}$  St  \cr  \tskc{4}{2pt} 

St  Faraday  constant  I  $F=N_Ae$  I  $2 . 8925\t imes 10~ {14}$  I 
statcoul/mol  St  \cr  \tskc{4>  [2pt> 

St  Gas  constant  I  $R  =  N_Ak$  I  $8 . 3 144\t  imes  10‘7$  I  erg/deg-mol  St  \cr  \tskc{4}{2pt} 

Sc  Loschmidt's  number  I  $n_0$  I  $2 . 6868\t imes 1 0‘ { 1 9}$  I  cm$"{-3}$  &  \cr 
Sc  \quad\quad  (no.  density  at  STP)  I  I  I  S:  \cr  \tskc{4>{2pt} 

k  Atomic  mass  unit  I  $m_u$  |  $  1 . 6606\t imes 10 * {-24}$  I  g  St  \cr  \tskc{4}{2pt} 
k  Standard  temperature  I  $T_0$  I  \hfil  273.16  I  deg$\,$(K)  Sc  \cr  \tskc{4}{2pt} 
k  Atmospheric  pressure  I  $p_0  =  n_OkT_0$  I  $  1 . 0 133\t imes 1  O' 6$  I 
dyne/cm$'2$  k  \cr  \tskc{4}{2pt} 

St  Pressure  of  1  mm  Hg  I  I  $  1 . 3332\t imes  10 '3$  I  dyne/cm$‘2$  St  \cr 

Sc  Xquad'quad  (1  torr)  I  I  I  S:  \cr  \tskc{4}{2pt} 

St  Mclar  volume  at  STP  I  $V_0=RT_0/p_0$  I $2 . 24 1 5\t imes 10* 4$  lcm$‘3$  &\cr\tskc{4}{2pt} 

k  Molar  weight  of  air  I  $M_{\rm  air}$  I  \hfil  28.971  I  g  8 :  \cr  \tskc{4}{2pt} 

S-  calorie  (cal)  I  I  $4  .  1 868\ t  imes  1 0' 7$  I  erg  St  \cr  \tskc{4}{2pt} 
k  Gravitational  i  $g$  I  \hfil  980.67  |  cm/sec$‘2$  St  \cr 
St  'quad  quad  acceleration  Ills  \cr  \tskc{4}{2pt}}  \hrule}$$ 

'  V  f  1  1  s-  e  i  e  r  t '  e  •;  d 


Physical  Quantity 


Symbol 


Value 


Units 


Frequency  associated 
with  1  eV 

Wave  number  associated 
with  1  eV 

Energy  associated  with 
1  eV 

Energy  associated  with 

i  - 1 

1  cm 

Energy  associated  with 
1  Rydberg 

Energy  associated  witli 
1  deg  Kelvin 
Temperature  associated 
with  1  eV 

Avogadro  number 
Faraday  constant 
Gas  constant 

Losfh  mid  t.  \s  number 
(no.  density  at  STP) 

Atomic  mass  unit 
St  am  lard  temperature 
At  mospheric  pressure 

Pressure  of  1  mm  Hg 
(1  loir) 

Molar  volume  at  STP 
Molar  weight  of  air 
calorie  (cal) 

(  1  )•  a  v  i  t  a  I  i  o  n  a  1 
a i  i  i ■  1 1 •  ra t  am 


2.4180  x  HP" 

Hz 

8.0G55  x  1()3 

cm-1 

1.G022  x  10-12 

erg 

1.9805  x  10-1C 

erg 

13. GOG 

eV 

8.G173  x  10-5 

eV 

1.1605  x  104 

deg(K) 

C. 0220  x  1023 

mol- 1 

2.8925  x  1014 

stateoul/mo 

8.3144  x  107 

erg/deg-nud 

2.G8G8  x  1019 

cm-3 

1.GG0G  x  10-24 

g 

273. 1G 

deg(K) 

1.0133  x  10G 

dyne/ cm2 

1.3332  x  103 

dyne/ cm" 

2.2415  x  104 

3 

cm 

28.971 

g 

4.1SG8  x  H)7 

erg 

980.07 

cm/ sec" 

\mput  proleg  ■  page;; - 1  ° 

N  hof  f  se  t  =  !  .  2  c. ’  r  u  e i ::  v  ffse*  'M'yinXhs’r.11"0  l*ruem  vs  1  ze  =  9  .  Ot  rue  in 
\centez  1  me{  hen.!  f ..  r.t  F"r  M"!.A  CT.NVF.RSI 211$  *  fit  -  ”>-v!r-inp'  indent 

Here  S'.alpha- :  C  ‘  2'  .  X  :■  X  ,  fr  $-<-:>$ ,  $\beta-l'.  ’  ,?erg$'.  ,$J$‘{-1>$,  $\epsilon_0 
-8.3542\tj.T.-s::  -  .  T:- 1  {-;>$,  $  mu  •;  :  .  tir-:esl<r{-7}\ ,$H$\  ,$m$'  {-:}$ , 

$c=('  eps:l  rv:_:  ■  -  :  -2  -  2  .  9379  \  t  lines  10  '  -  ,  X'r  X  ,  $s$  ‘  {-  1>$  ,  and  $\hbar  =  1  .  Or, 46 

'vtimeslO‘t-34  -  ,  $:•  T'-  derive  a  dimenn :  ' :  ally  correct  SI  formula  from  cue 

expressed  m  Gaussian  units ,  substitute  for  e.vh  quantity  according  to 
$\ov{Q}  =  \cv{k/2'$,  vhere  $  ov{k}$  is  the  coefficient  in  the  second  column  of  the 
tahle  corresp  ndire  to  tit  f  'verbars  denote  variables  expressed  in  Gaussian 
units).  Thus,  the  f  trrula  X  v{a}_0=\ov{\hbar  >  ' 2  ov{m}  \hbox{\kern0 . 5pt} 

\ov{e}'2$  for  the  E  u:  tains  becomes  $  alpha  ah  =  (\hbar\beta) *2/  [(m\beta 
'y\alpha*2)  !  e  ’  2  alphr  '  eta  4'  pi  \epsilon_v ) ] $ ,  r  ta..O  =  \epsilon_0  h*2/  \pi  m 
e*2$ .  To  go  from  SI  t  natural  units  m  which  $  hbar=c=l$  (distinguished  by  a 
circumflex^,  use  $2-  ■  x.  r  '  i  -  1 }  \un{Q>$,  where  $  un{k}$  is  the  coefficient 

corresponding  to,  $~t  ;n  the  third  column  Thu.-  $'ur.{a}_0  =  4\pi\epsilon_0 
\hbar‘2/[(\uattn}  hhbar  V ;  i  ,un{e}‘2  \epsilor._C  'hbar  c)]  =  4\pi  /  \un{m> 

\hbox{'  kernO  .  r>pt>  '•  ur.{"f  ‘  2  $  (In  transforming  -  it  from}  SI  units,  do  not 
substitute  for  $  eps :  1-n _ 14  ,  t'mu.Ot,  or  $c$. ) 

$$\vbox{\vsk:p--3pt  '  f  f  inter  1  ir.eckip'  hrule  \d*- f  qnad{'hskip6pt}\def\quid{\hsk:p2pt} 
hal ign{*  vrulent  i  quad  a  h  f  :  1  ''quid  4  \vru  •  a  quads  ’  strut  S\hf  il&\ quad 
vrul  ea  '.quads  a  !.f  ;  It  qu  id  v:  ::!e<r  cr  \tFkc{3  *  ► 

4  '  hf  ll  Pi.  y  r  i  c  a  •  .?  y  .  f  ;  1  Gaussian  •  Eli  .hfil 

Natural  i  *  s  *  !  IK  :  t  skc{3}{2pt}\t :  ;:Ie  •  ok  -(3}{l  .0pt}\trule  \tskc{3}{2pt> 

4  Capacitance  t'alpua  4  .pi  epsilon_0$  I  $*.  *q  :  1  •  r._0}  ~ 1  }$  it  \cr  \tskc{3}{ Ipt} 

4  Charge  I  t  (  a  lpha  .beta  '4'  p : '  eps  ilon.C)  *  {  1  lit: 

$(\epsilon  .0  'hhoi!  c)'{  1/2}$'  *  \cr  \tskc  hpt} 

4  Charge  density  1  $  '  beta  '4  p  i  ’•  a  1  pha  ‘  S\eps  1 1  .0;  '{l/2}$  I 

$(  \epsilon_0  'hbar  c!'{-i  ''2}$  &  \cr  \tsk  •' 1  >{C.5pt} 

4  Current  I  $  ( ••  a  lpha  het.a/4  p : '  eps  l  lon.C )  '  {  1 .  2  .-X  I 
$(  mu. 0/  hbar  c )  d  1  2; } $  4  '  cr  \tskc{3}{2. 

4  Current  density  I  f ( '  bet a/4'  pihalpha ‘3\eps 1 1  - 1:  _ 0 ) ’ { 1 /2}$  I 
$  ( '.mu  .0/1  hbar  cl '•{1/2}$  4  \cr  \tskc{3}{0  ,  F  p*  } 

4  Electric  f  i  e  1  i  !  I  .  -i  pi  be  t  a  eps  ilon_0/\a!  p  h  a  .'■*  ’  "{1/2}$  I 

X  (  \ eps  1 1  .'.r.  .-.car  ’■  ,  {1/2}$  4  \cr  \tskc i  .?>  {  o  .  P.pt } 

4  Electric  potential  $(4  pi \beta\epsilon_C  a  I  pi.  a  ) '  {  1 /2}$  I 
$•  ■“!  rilon.  ■  hbar  c)'{:/2}$  *  \cr  \tskcC’  MX  .  Opt  } 

4  El  e  -  ♦  i  ; in  -  *  :  v  :  •  :  $ (4  pi \eps  ilon_0)  ‘  -  1  •$  X  (  eps  i  lon.O}  ‘  {-  1  }$4\cr\ t  ck  o 3-.  '  .  X 

4  F:s.  :  v  !  X  b—.at  :  :  t  hbai  c/'{-l}$4  \er  tck:'{3H0.Spt} 

4  Fn.-igv  :  *  y  !  i  a  '  alpha '3$  I  $(\hhar  !{-]}$  4  \cr  \tskc{3}{0 . 6pt> 

4  r  :  X  be  *  ,  aiii.ai  !  1  hbar  c)*{-l}$  i  :  t  s  k  c  {3}  {0  .  Spt } 

4  Frequency  :  $••  -  1  rX  4  cr  tskcl3}{'.  ;  :  *  - 

4  Inductance  ;  XG  s  i ;  ■  n ..o /  ai  pha$  !  X-'  :  .  -  {- !  }$  4  \cr  \t .'.kc{3}{0 .  f.pt  • 


FORMULA  CONVERSION' 


Here  iv  =  10“  cm  m ' 

*  —  w  1 —  ~  u  ...  —  l 


ft  =  10*  ergj-1,  e0  =  8.8542  x  10“ 12  Fin-1. 
=  (fio/io)-1/2  =  2.9979  x  108  ms-1,  and 


Ho  =  4?r  x  1()~‘  H  m-  .  c.  =  (f-oHo)  '  =  2.9979  x  10°  ms-1,  and 
h  =  L.054G  x  10“ 34  J  s.  To  derive  a  dimensionally  correct  SI  formula 
from  one  expressed  in  Gaussian  units,  substitute  for  each  quantity  ac¬ 
cording  to  Q  —  kQ.  where  k  is  the  coefficient  in  the  second  column 
of  the  table  corresponding  to  Q  (overbars  denote  variables  expressed  in 
Gaussian  units).  Thus,  the  formula  au  =  ft2 /me2  for  the  Bohr  radius 
becomes  rv«o  =  ( Tift)2 /[( mft/oe2  )(e2  <yft/Air Co )].  or  ao  =  f-o  It 2  / 7r  me2 .  To 
go  from  SI  to  natural  units  in  which  h  =  c  =  1  (distinguished  by  a  cir¬ 
cumflex).  use  Q  =  k~lQ,  where  k  is  the  coefficient  corresponding  to  Q 
in  the  tliird  column.  Thus  fio  =  Aire0  h~ /[( >hh/c)(  e~  6()  7/.e)]  =  Air  j  far2  . 
(In  transforming  from.  SI  units,  do  not  substitute  for  cq-  no-  or  c.) 


Physical  Quantity 


Gaussian  Units  to  SI  1  Natural  Units  to  SI 


Capacitance 

<*/ 47T60 

Charge 

{"ft /47TCO)1/ 

Charge  density 

(ft  /  Air  (■v5f(,)1 

Current 

(aft /Airf.n)11 

Current  density 

(ft /Air a3  f.0  )] 

Flect.rie  field 

(Aicftf.0/<v3y 

Fleet  l  ie  potent  ial 

(Air  ft  f.  o/Uv)17 

Fleet  rie  conductivity 

( 4  7r  e  o  ) —  1 

Fnergy 

ft 

Fnergy  density 

ft/a3 

Force 

ft  /a 

Frequency 

1 

I  nd  net  anee 

4  7T  f  (j  /  (\ 

I  a  ■  n  g  t  1 1 

(\ 

Magnetic  induction 

(  4  ir  ft  / <\3 /i  o  ) 

Magnetic  intensity 

(  4  7T  //•()  ft  /  (\3  ) 

Mass 

ft/"2 

Momentum 

ft  j  a 

I  ’(AVer 

ft 

I  ’  re ss U  I'e 

ft/‘3 

H  e  s  i  s  t  a  1 1  e  e 

Airr{)/  o 

Time 

1 

Velocity 

<  ^ 
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\centerline{\headf ont  MAXWELL'S  EQUATIONS} 

$$\vbox{\tabskip=Opt  \of f inter line skip 

\halign  to  \hsize{\vrule#  \tabskip=l .Oem  plus2em  minusO . 5em&#\hf ilXstrut&Xvrule# 
&$Xdisplaystyle#$\hf il&\vrule#4$Xdisplaystyle#$Xhf il£\vrule#Xtabskip=OptXcr 
\trule  \tskc{3}{2pt} 

&\hfil  Name  or  Description  I \om\hfil  SIXhf ll I XomXhf il  GaussianXhf il&Xcr 
\tskc{3}{2pt}  \trule  \tskc{3}{lpt}  \trule  \tskc{3}{2 . 5pt} 

&Faraday ’ s  law  I \del\t imes\E=-{\partial\B\over\partial  t} I XdelXt imesXE 
=-{l\over  c}{\partial\B\over\partial  t}ft\cr  \tskc{3}{2pt}  \tskc{3}{2pt} 

SAmpere’s  law  I \del\t imes{\bf  H}={\partial\D\over\partial  t}+{\bf  J} I XdelXt imes 
{\bf  H}={l\over  c}{\partial\D\over\partial  t}+{4\pi\over  c}{\bf  J}&\cr\tskc{3}{4pt} 
irFoisson  equation  I \del\cdot\D  =  \rho I \del\cdot\D=4\pi\rhoft\cr  Xtskc{3}{2pt} 

&[Absence  of  magnet ic I XdelXcdotXB^O I \del\cdot\B=04\cr  \bs{2pt} 

&\quad  monopoles] I \om I \om6\cr  \tskc{3}{2pt}  \bs{2pt} 

&Lorentz  force  on  I  q\left  (\E+{\bf  u}\t imes\B\r ight )  I  qXlef  t  (\E+-{1  Xover  c}{\bf 
v}\times\BXright)&\cr  \bs{2pt}  \bs{2pt}  \bs{2pt} 

&\quad  charge  $q$ I \om I XomftXcr  \tskc{3}{2pt} 

&Constitutive|\D=\epsilon\EI \D=\epsilon\E4\cr  \bs{lpt} 

tXquad  relations  I XE=\mu{\bf  H} I XB=\mu{\bf  H}4\cr  \tskc{3}{2pt}  \trule}}$$ 

\vskip-6pt 

In  a  plasma,  $\mu\approx\mu_C  =  4'v.pi\times  10 '  {-7}\ ,  {\rm  H}\,{\rm  m}*{-l}$ 

(Gaussian  units:  SXmuXapprox  1$).  The  permittivity  satisfies 
$\epsilon\approx\epsilon_0  =  8.8542\times  10* {- 1 2}\ , {Xrm  F}\,{\rm  m}*{-l}$ 
(Gaussian:  SXepsilon  Xapprox  1)$  provided  that  all  charge  is  regarded  as  free. 

Using  the  drift  approximation  ${\bf  v}_\perp=  \E\times\B/B*2$  to  calculate 
polarization  charge  density  gives  rise  to  a  dielectric  constant 
$K\equ l vXeps ilon/Xeps i lon_0  =  l+36\pi\timeslO*9\rho/B*2\>$  (SI)  $=l+4\pi\rho 
c‘2/B*2\>$  (Gaussian),  where  $\rho$  is  the  mass  density. 

Xindent 

The  electromagnetic  energy  in  volume  $V$  is  given  by 

ITXeqal lgnnofW  4  =  {iXover  2}X l nt_V\ , dV ({Xbf  H}\cdot\B+\E\cdot\D)& 

(  rm  SI)Xph{\rm  Gauss  inn . }\cr 

IXover  8\p:}\int_V\ ,dV({\bf  H}\cdot\B+\E\cdot\D)6(\rm  Gaussian). 

. p h { X r m  SI}' ci }$$ 

F.-.yjit  mg  ’ th-oi  e.m  ir 

v  vi  i'.i  :  *  ;  al  .}•  m»._S\,{\bf  H}V:dot  d{\bf  S}=-\int.V\  ,dV{\bf  J} 

X  •:  doth  E ,  $$ 

where  $S$  is  the  closed  surface  bounding  $V$  and  the  Poynting  vector  (energy 
flux  across  !:',?)  is  given  by  ${\bf  N}=\E\t imes{\bf  H}\>$  (SI)  or  ${\bf 
N}  =  c\E\times  <'.bf  H}/4\pi\>$  (Gaussian). 


m] 


s 


Name  or  Description 

SI 

Gaussian 

Faraday's  law 

OB 

V  x  E  = - 

0t 

1  OB 

V  X  E  = - — 

c  Ot 

Ampere’s  law 

OB 

V  x  H  = - h  J 

Ot 

1  OB  Aix 

V  x  H  = - +  — J 

c  Ot  c: 

Poisson  equation 

V  •  D  =  p 

V  •  D  =  4irp 

[Absence  of  magnetic 
monopoles] 

V  •  B  =  0 

V  •  B  =  0 

q  (E  +  -  v  X  B] 

Lorentz  force  on 

q  ( E  +  v  X  B ) 

charge  q 

V  r  J 

Constitutive 

D  =  *E 

D  =  f.E 

relations 

B  =  /iH 

B  =  n  H 

In  a  plasma.  //.  ~  //«  =  47T  x  10  ‘  H  in  1  (Gaussian  units:  //,  ss  1). 
Tin-  permit tivity  sat.isfi<-s  e  «  c0  =  S.8542  x  1()-12  F  m-1  (Gaussian: 
i  s:  1)  provided  that  all  charge  is  regarded  as  free.  Using  the  drift 
approximation  vx  =  E  x  B  /  D~  to  calculate  polarization  charge  density 
gives  rise  to  a  dielectric  constant  K  =  f  /  f. ()  =  1  +  3G7T  X  1  (SI) 

—  1  +  4  7T  i>r~  /  D~  (Gaussian),  where  />  is  the  mass  density. 

The  electromagnet  ic  energy  in  volume  V  is  given  by 


U 


</\'(  H  B  +  E  D 


(SI) 


< / \  i  II  •  B  +  E  •  D)  (Gaussian 


I  *ov n t  i he  s  t  hei  n  i  m  i - 


Ml 

.1/ 


./I  J  •  E. 


w  here  S  i-.  tin-  .  1 1 1  >  i  ■  i  sii  rta  i-e  bounding  \  and  the  I  ’ovut  ing  vector  (energy 
flux  across  >')  is  gi  veu  by  N  --  E  x  II  i  S  h  or  N  —  TxH/l  n  (Gaussian ). 
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.skipXmdent 

he  following,  $\epsilcn=$  dielectric  permittivity,  $\mu=$  perm 
onductor,  $\mu'\prime=$  permeability  of  surrounding  medium, 
gma=$  conductivity,  $f =\omega/2\pi=$  radiation  frequency, 
ppa_m=\mu/\mu_0$  and  $\kappa_e=\eps ilon/\eps ilon_0$ .  Where  su 
,  '1'  denotes  a  conducting  medium  and  '2'  a  propagating  (lossl 
ectric)  medium.  All  units  are  SI  unless  otherwise  specified. 


ELECTRICITY  AND  MAGNETISM 


In  the  following,  e  =  dielectric  permittivity.  / 1  =  permeability  of 
conductor.  ///  =  permeability  of  surrounding  medium,  a  —  conductivity. 
/  =  uj/2it  =  radiation  frequency,  k  =  // / /c 0  and  nf  -  e/c0.  Where  sub¬ 
scripts  are  used.  '1'  denotes  a  conducting  medium  and  ‘2"  a  propagating 
(lossless  dielectric)  medium.  All  units  are  SI  unless  otherwise  specified. 

f(,  =  8.8542  x  1()-12  F  m'1 


Permittivity  of  free  space 

Permeability  of  free  space 

Resistance  of  free  space 

Capacity  of  parallel  plates  of  area 
A.  separated  by  distance  il 

Capacity  of  concentric  cylinders 
of  lengt  h  /.  radii  a .  I> 

Capacity  of  concentric  sphere's  <»f 
radii  n.h 

Self-inductance  of  wire  of  h'Ugtli 
I.  carrying  uniform  current 

Mutual  inductance  of  parallel  wires 
of  length  /.  radius  a.  separated 
by  distance  <1 

Inductance  of  circular  loop  of  radius 
I).  made  of  wire  of  radius  n. 
carrying  uniform  current 

Relaxation  time  in  a  lossy  medium 

Skin  depth  m  a  lossy  medium 

Wave  impedance  in  a  lossy  medium 

Tra nsmissioii  coefficient  at 
com  1  net i n g  surface 
(good  o  n  1  v  tor  /  i  r 

Field  at  distance  r  from  straight  wire 
carrying  current  /  (amperes) 

f  ield  at  distance  ;  ahmg  axis  from 
ei re ii la r  loop  of  radius  a 
carrying  current  / 


//(,  =  4n  X  10  1  II  m  1 
=  1.25CG  x  10-G  II  m_1 

Ifo  =  Uto/fo)1'2  =  370.7352 
C  =  f.A/d 

C  =  2ix el  ln(  h  j a  ) 

C  =  4 7r e a  h / (  h  —  a) 

L  =  id 

L  =  ( // ' //4 7T )  (1  -f  4  \n((l/a)] 

L  =  l>  |  //'  [ln(S/>/«  )  -  2]  +  /i./4 

t  —  e  /  a 

A  —  (  2 /a.’//  rr  )a  —  (  it  f  firr  )~  1  ^ ' 
Z  =  [l> /(f  +  in  /  a')]1/2 
T  =  4.22  x  1()_4(/k.iiiik.,2/^)1 

Bh  =  // 1 /2tt  »■  tesla 

=  0.21/ v  gauss  (r  in  cm) 

B-  —  //a"  /  /  [2  (  o  2  4-  .:2  )3/“] 
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ELECTROMAGNETIC  FREQUENCY/ 
WAVELENGTH  BANDS10 


Designation 


Frequency  Range 


Wavelength  Range 


Lower 


Upper 


Lower 


Upper 


ELF* 
VLF 
LF 
MF 
II F 
VHF 
UHF 
SHFt 
S 
G 
J 
II 
X 
M 
P 
K 
R 

EHF 

S  u  1  >111  illime  t  er 
I  n  I  rarei  1 
\’isil»le 
lit  r ;  i.  v  i  o  1  e  t 

X  R ay 
(  1 ;  m  1 1 1 1  i  ;  i  R ;  i  v 


10  Hz 
3  kHz 
30  kHz 
300  kHz 


10 
3  kHz 
30  kHz 
300kHz 
3  MHz 


3  Mm 
100  km 
10  km 
1  km 
100  in 


3  Mm 
100  km 
10  km 
1  km 


3  MHz 

30  MHz 

10  m 

100  m 

30  MHz 

300  MHz 

1  m 

10  m 

300  MHz 

3  GHz 

10  cm 

1  m 

3  GHz 

30  GHz 

1  cm 

10  cm 

2.G 

3.95 

7.G 

11.5 

3.95 

5.85 

5.1 

7.G 

5.3 

8.2 

3.7 

5.7 

7.05 

10.0 

3.0 

4.25 

8.2 

12.4 

2.4 

3.7 

10.0 

15.0 

2.0 

3.0 

12.4 

18.0 

1.G7 

2.4 

18.0 

2G.5 

1.1 

1 .07 

20.5 

40.0 

0.75 

1.1 

30  GHz 

300  GHz 

1  mm 

1  cm 

300  GHz  3  THz  100 //in  1mm 

3  T H z  430  THz  700  nm  100 /tin 

130  THz  750  THz  400 11111  700  nm 

750  THz  30  PIIz  10  nm  400  nm 

30  PIP/  3EHz  100  pm  10  nm 

3  KHz  100  pm 

<>py  the  angstrom  (A)  is  sometimes  used  ( 1  A  =  10 c 


'uli-:  In  spectroscopy  the  angstrom  (A)  is  sometimes  used  ( 1  A  =  10 
:  0.1  1 1  1 11  ) . 

'The  boundary  between  ULF  and  ELF  is  variously  defined, 
d  lie  S 11  F  (microwave  )  hand  is  further  subdivided  a.pproxima  tely  as  show 
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\centerl ine{\headf ont  AC  CIRCUITS} 

\medskip\ indent 

For  a  resistance  $R$,  inductance  $L$,  and  capacitance  $C$  in  series  with  a 
voltage  source  $V=V_0\exp( i\omega  t)$  (here  $i=\sqrt{-l}$)  ,  the  current  is  given 
by  $I=dq/dt$,  where  $q$  satisfies 

$$  L{{d~2\ ! q}\over{dt ~2}}+R{{dq}\over{dt}}+{q  \over  C}  =  V .  $$ 

Solutions  are  $q(t ) =q_s+q_t , \ ; I ( t ) =I_s+I_t$ ,  where  the  steady  state  is 
$I_s  =  i\omega  q_s  =  V/Z$  in  terms  of  the  impedance  $Z  =  R  +  i(\omega  L  - 
l/\omega  C)$  and  $I_t  =  dq_t/dt.$  For  initial  conditions  $q(0)\equiv  q_0  = 

\bar  q_0+q_s$,  $\ ; I (0) \equi v  I_0,$  the  transients  can  be  of  three  types, 
depending  on  $\Delta=R~2-4L/C$ : 

\medskip\ noindent 

(a)  Overdamped,  $\Delta>0$ 

$$\eqalign  {q_t  {l_0+\gamma_+  \bar  q_0  \over  \gnmma_+-\gamma_-} 
\exp(-\gamma_-t )  -  {l_0+\gamma_-  \bar  q_0  \over  \gamma_+-\gamma_-} 
\exp(-\gamma_+t) ,  \cr 

I_t  &=  {\gamma_+(l_0+\gamma_-  \bar  q_0)  \over  \gamma_+-\gamma_-}  \exp ( -\gamma_ 
+t)-  {\gamma_- ( I_0  +  \gamma_+  \bar  q_0)  \over  \gamma_+-\gamma_-} 

\exp(-\gamma_-t)  ,  \cr}$$ 

where  $\gamma_\pm=(R\pm\DeI ta‘{l/2})/2L;$ 

\medskip\no indent 

(b)  Critically  damped,  $\Delta=0$ 

$$\eqalign{q_t  &=  \left[\bar  q_0  +  (I_Ot\gamraa_R  \bar  q_0)t\right] 
\exp(-\gamma_Rt) ,  \cr 

I_t  Sc=  \left[I_0  -  ( I _ 0  +  \gamma_R  \bar  q_0)\gamma_Rt\right]\exp(-\gamma_Rt) , 
\cr}$$ 

where  $\gamma_R=R/2L ; $ 

\medskip\no indent 

(c)  Underdamped,  $\Delta  <  0$ 

$$\eqal ign{q_t  &=  \lef t [{\gamma_R  \bar  q_0  +  I_0  \over  \omega_l}  \sin\omega_lt  + 
\bar  q_0  \cos\omega_ lt\r ight] \exp(-\gamma_Rt) ,  \cr 
I_t  &=  \lef t [l_0\cos\omega_ 1 t  -  { ( {\omega_ l}"2+{\gamma_R}'2)\bar  q_0  + 

\gamma_R  I_0  \over  \omega_l}  \s in (\omega_l t ) \r ight] \exp(-\gamma_Rt ) , \cr}$$ 
where  $\omega_ 1 =\omega_0 ( 1 -R‘2C/4L) * { l/2}$  and  $\omega_0=(LC) "{-l/2}\ ( $  is 
the  resonant  frequency.  At  $\omega=\omega_0$ ,  $\;Z=R$.  The  quality  of  the 
circuit  is  $Q=\omega_0L/R$ .  In\-stab\-il\-ity  results  when  $L$ ,  $R$,  $C$  are 
not  all  of  the  same  sign. 

\vskipO . Struein 
\vf  il\eject\end 


22a 


N 
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AC  CIRCUITS 

For  a  resistance  /?,  inductance  L .  and  capacitance  C  in  series  with 
a  voltage  source  V  =■  Vo  exp(iu>t)  (here  i  —  s/  —  1 ) ,  the  current  is  given 
by  I  =  dq/dt.  where  q  satisfies 

d2q  dq  q 

L~  +  R  —  +  -  =  V. 

dt.2  dt  C 

Solutions  arc  q(t)  =  qa  -f  qt ,  I(t)  —  Ia  -j-  7f,  where  the  steady  state  is 
/. s  =  ?' uj q iS  =  VjZ  in  terms  of  the  impedance  Z  —  R  +  i{u>L  —  1/uC)  and 
It  =  dqt/dt.  For  initial  conditions  q(  0)  =  q0  =  70  4-  7«  -  /(0)  =  70,  the 
transients  can  be  of  three  types,  depending  on  A  =  R2  —  4L/C: 

(a)  ( > verdamped.  A  >  0 

Aj  4-  7+7o  ,  /o  +  7-7o  , 

'it  =  — - -exp(-7_t) - — - - exp(-7+t), 

7+  -  7-  7+  -  7- 

7+(/o  +  7-7o)  ,  ^  7_(/0  +  7+7o) 

It  = - (;xp(-7+i) - exp(  — 7_t). 

7+  ~  7-  7+  -  7- 


W  lu  I  t  ‘ 


=  (/?  ±  A1/2)/2L: 


(b)  Critically  damped.  A  =  0 


'h  -  [70  +  (/ii  +  77?7u  V]  <*xp( -int). 

I,  =  [ /(>  -(/o  +  77770  ) 7 /?t]  exp(  —  7/?t ). 


ie  =  /»/2L: 

I  ’  nderi la  mi>ed .  A  <  t) 


7  1!  7"  4  / 1 


sin  u,-'i  f  -f-  70  cos  t  ex])(  —  77?  t ). 


It  —  /()<'<> S  1  /  — 


4  7/?  ”  )  70  4  7/f  A 


siu(  o»i  t)  exp(  —ypt ) . 


where  —  w„(  1  —  II~C/-lL)l/~  and  u>0  =  (LC')~XI~  is  the  resonant 
frecpiency.  At  w  =  w(),  Z  —  R.  The  quality  of  the  circuit  is  Q  —  tco  L/R. 
Instability  results  when  /,.  R,  C  are  not  all  of  the  same  sign. 


^  *J~  ******* 


a;  a  aV.’.s'i 
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fc\hfil  Name ( s ) I \om\h idewidt h  Symbol\hidewidth I \hf il  Def init ion  I \hf il 
S ignif i cance&\cr  \tskc{4}{2pt}  \trule  \tskc{4}{  1 . Opt}  \trule  \tskc{4}{2pt} 

&Alf v\ ' en  ,  I  A1  ,  Ka I $V_A/V$ I \kern-0 . 5em*(Magnetic  force/&\cr 

&\om\quid  K\ ' arm\ ' an\hf 1 1  I \om I \om I \quad  inertial  force)$‘{l/2}$&\cr\tskc{4}{2pt} 
&Bond I Bd I $(\rho " \pr ime- \rho)L~2g/\Sigma$ I Gravitat ional  f orce/&\cr 
&\om I \om ! \om I \quad  surface  tensionft\cr\tskc{4}{2pt} 

&Boussmesq  I  B  I  $V/(2gR  !  '{1/2}$  I  ( Inertial  f orce/&\cr 

&\om I \om  l\oml\quad  gravitational  force)$‘{l/2}$4\cr\tskc{4}{2pt} 

&Br  mkman  I  Br  I  $\mu  V"2/k\Delta  TSIViscous  heat/conducted  heat&\cr\tskc{4}{2pt} 
&Capillary I Cp I $\mu  V/\Sigma$ I  Viscous  force/surface  tension&\cr\tskc{4M2pt} 

&Carnot | Ca I  $ (T_2-T_ 1 ) /T_2$ I Theoret ical  Carnot  cycle&\cr 
&\oml\oml\oml\quad  efficiency&\cr\tskc{4}{2pt} 
fcCauchy , I Cy ,  Hkl$\rho  V‘2/\Gamma=\rm  M~2$ I  Inertial  force/4\cr 
S:\om\quid  HookeXhf l 1 i \om I \om I \quad  compressibility  force&\cr\tskc{4}{2pt} 

&Claus ius I  Cl  I $LV'3\rho/k\Delta  T$ I  Kinetic  energy  flow  rate/heat&\cr 
S:\ori  I  \om  I \om  I \quad  conduction  rate&\cr\tskc{4}{2pt} 

ScCowling I C I $(V_A/V) *2=\rm  A1 ‘2$ I  Magnetic  force/inertial  force*\cr\tskc{4}{2pt} 

&Cr ispat ion  I Cr I $\mu  \kappa/\Sigma  L$|Effect  of  diffusion/effect  of&\cr 
&\om I \om I \om IVquad  surface  tens ion&\cr\tskc{4}{2pt} 

&Dean I D I $D"{3/2}V/\nu (2r ) ‘{l/2}$ I  Trans verse  f  low  due  to&\cr 

&\om I \om I \om I \quad  curvature /longitudinal  f low&\cr\tskc{4}{2pt} 

& [Drag  I $C_D$ I $(\rho‘\pnme-\rho) Lg/$ I  Drag  force/inertial  f orce&\cr 

&\om\quid  coefficient] \hfill\om I \quad$\rho~\prime  V'2$ I \om&\cr\tskc{4}{2pt} 
&Eckert [ E I $V‘2/c_p\Delta  T$ I Kinet ic  energy/change  in&\cr 
4\om I \om I \om I \quad  thermal  energy&\cr\tskc{4}{2pt} 
feEknan I Ek I $(\r.u/2\0mega  L‘2) "{ 1 /2}=$ I (Viscous  f orce/Cor iol is  force)$‘{l/2}$ 

\h  idewidth®  'c.r 

4:  \om I \om I \quad(Ro/Re) $‘ { 1/2}$ I \om&\cr\tskc{4}{2pt} 
fcF.uler  I  Eli  I  $\Delta  p/'rho  V * 2$  I  Pressure  drop  due  to  f r ict  ior./&\cr 
1 \ om I I \om ' \quad  dynamic  press ure&\cr\tskc{4}{2pt} 

4Fr oude I Fr I $7/ (gL) * [ I /2}$ I \kern-0 . 5em\dag( Inert ial  force/ gravitational  or 
'  kerr.0 . 2SemS\cr 

«•  \om  I  \om  I  $V/NL$  I  \  quad  buoyancy  f orce ) $ " { 3 /2}$&\cr\t skc{4}{2pt } 
tGay-Lussac I Ga I $l/\beta\Delta  T$ I  Inverse  of  relative  change  in&\cr 
&  '■  om  I \om  I \om  I  \ quad  volume  during  heat  mg&\cr\tskc{4}{2pt} 

SGrachof IGi  I $p,L ‘ 3\bet a\Del ta  T/\nu  *  2$ I  Buoyancy  f orce/vi scous  force*r\cr\tskc{4}{2pt 
4  [Ha  1 1 1  tC_H$  i  $\]  anibda/r_!.$  |Gyrofrequency/ft\cr 

4’  cm  •  qu  id  cue  flier  h  f  r  I  I '  om  !  \om  I  \quad  collision  f  requency&\cr\tskc{4}{2pt} 

tr,kc{4}{2pt>  '.t  n e  } } 

♦(dag)  Also  define!  as  the  inverse  (square)  of  the  quantity  shown. 


DIMENSIONLESS  NUMBERS  OF  FLUID  MECHANICS1 


Name(s) 


Symbol 


Al,  Ka 


Definition 

Significance 

VA/V 

*(Magnetic  force/ 
inertial  force)1^2 

(p'  -  p)L2glH 

Gravitational  force/ 
surface  tension 

V/(2gR)1/2 

(Inertial  force/ 

gravitational  force)1/2 

pV2  /  kAT 

Viscous  heat/conducted  heat 

/xV/S 

Viscous  force/surface  tension 

(T2  -  Tx)/T2 

Theoretical  Carnot  cycle 
efficiency 

Pv2 /r  =  m2 

Inertial  force/ 

compressibility  force 

LV3p/kAT 

Kinetic  energy  flow  rate/heat 
conduction  rate 

(VA/V)2  =  Al2 

Magnetic  force/inertial  force 

/xk/EL 

Effect  of  diffusion/effect  of 
surface  tension 

D3/2V/v(2r)l/2 

Transverse  flow  due  to 

curvature/lougitudinal  flow 

(p  ~  p)Lgf 

Drag  force/inertial  force 

P'V2 

V2  /  cpAT 

Kinetic  energy/change  in 
thermal  energy 

{u/2il  L2)1/2  = 

(Visctfus  force/Coriolis  force)1 

(Ro/Re)1/2 

Ap/pV2 

Pressure  drop  due  to  friction/ 
dynamic  pressure 

V/  (<>L)1/2 

t(Inertial  force/gravitational  or 

V/NL 

buoyancy  force)1/2 

1/fiAT 

Inverse  of  relative  change  in 
volume  during  heating 

<j  L3  flAT  j  v2 

Buoyancy  force/ viscous  force 

A/x’l 

Gyrofrequeney/ 

collision  frequency 

Alfven, 

Karman 

Bond 

Boussinesq 

Brinkman 

Capillary 

Carnot 


Cauchy, 

Hooke 

Clausius 


Cowling 

Crispation 

Dean 

[Drag 

coefficient] 

Eckert 

Ekman 

Euler 

Fronde 

Gay-  Lussac 

G  rasliof 
[Hall 

coefficient] 


\input  prolog  \pageno=24  '/,  BEGINNING  OF  TABLE. 

\hof  f  set  =  1  true  m\vof  f set= ltruem\hsize=6 . 5truein\vsize=9truein 
\vbox{\tabskip=Opt  \off interlines kip  \def\quid{\hskip0.5em\relax} 

\halign  to  \hs  ize{\vrt;l  •»#'•  tabskip=0 . Sem  plus2em4\otrut#\hf  ilft\vrule#ft# 

\hf  ilJt\vruleStS '■  h f  1 1  fc  '■  vr ul e#i8\hf  il4\vruleft\tabskip  =  0pt\cr  \trule 
&\hf il  Name  ( s )  I'.om'-  h  idew  id  th  Symbol  \  h  id  e  width  I '  h.  f  i  1  Definition  I  \hf  il 
Si gnifica needier 

•/.  DRAW  DOUBLE  RULE  BENEATH  HEADING. 

\tskc{4)-{2pt}  \trule  \tskc{4}f 1 . Opt}  \trule  \tskc{4}{2pt} 
feHartmann I H 1 IBL/ (\mu' eta)'{l/2}=$i Magnetic f or ce/&\cr 

&\om  I  \om  I \quad  (RnL  tr.  P.e\ts  C)  l/2}$\hidev  ldth  I  \quad  dissipative 
f  orce&\cr\tskc-(4  >{2pt} 

ScKnudsen I Kn ! $\lambda/L$ I  Hydrodynamic  time/&\cr 

ft\oml\orol\omlx quad  collision  time&\cr\tskc{4}{2pt} 

SiLorentz  I  Lc  I  $V.'c$  I  Magnitude  of  relativistic  ef  f  ects&\cr\tskc{4j--C2pt} 
feLundqui st I Lu I $\mu_C!LV _ A/\eto=$ I 

${\bf  J}\times{‘ bf  B}$f orce/resistive  magnetic&\cr 
S:\onil\oml\quad  Al\ts  Rm  I \quad  diffusion  force  &\cr\tskc{4}{2pt} 

SMach  I M I  $V/C_.S$  I  Magnitude  of  compress  lbil  ity*r\cr 
&\om  I  \om  I  \om  I  \quad  effects!:^  cr\tskc{4}{2pt} 

^Magnetic lMm!$V/V. A=$  Al$‘{-1}$ I < Inertial  force/magnetic  force)$'{l/2>$ 

Xhideaidthfil ci 

fc\om\quid  Mach''  hf  i  1  I  '  on  I  '.orr.  I  '  om<r\cr\tskc{4}{2pt} 

&  Magnet  ic  I  Rm  I  $\mu_0!.V/'  eta$  !  Flow  v  elocity /magnet  ic  dif  fusion&\cr 
4\om\quid  Reynolds  ,hf il I  -  am  ! \om I \quad  veloc ity4\cr\tskc{4>{2pt> 
iNewton I Nt ! SF/Yrho  L" 2V 2$ I  Imposed  force /inertial  f or ce&\cr\tskc{4}{2pt} 

&Nusselt I N I $\alpha  I,/k$  I Total  heat  transf er/thermal&\cr 
6\om I \om I \om I  '.quad  conduct ion*' cr \tskc{4}{2pt} 

&P\ * eclet I Pe I $LV/\kappa$ I  Heat  convection /heat  conduct ion\hidew id thir\cr\t skc {4 }{2pt } 
&Po isseui  lie  I  Po  I  $D ‘  2\Del  ta  p/'*  rm:  LV$  I  Pressure  f  or ce/v i  s cous  f orce&\cr\tskc{4}{2pt } 
iPrandtl, iPr,  Sc  I $\nu/\kappa$ I  Momentum  diffusion/&\cr 

&\om\quid  Schmid t. \h f  1 1  I \om ! \om  I '  quad  heat  d if  f  us  ion&\cr\t skc{4}{2pt} 

^Rayleigh  I Ra I $gH  * 3\beta\Del ta  T/\nu\kappa$ I  Buoyancy  f  or ce/d if  f us  ion  force* \cr 
\tskc{4}{2pt} 

ScReynolds  I  Re  |$LV/\nut  1 1  n*-r  tial  force  'viscous  for  ce4'-cr\tskc{4){2pt> 

&Richardson  I  Ri  I  $ OlH /'.Delta  V)  *  2t  I  Buoyancy  ef  f  ec t.r. /fe\c r 

ft\om  I  \om  I  \<>m  I  '.quad  vertical  shear  ef  fectst.ci \tskc{4  J-{2pt} 

4RotsbylRol$V/l  2:ni-ga  I.  :. an.':  1  at  I  Inert  lal  for c e/Cor 10I is  forcetXcr  \tskc  {4  >  {  2pt  } 

iStantonl St  I $\alpha,  arho  c_p  V$ I  Thermal  conduction  loss/*\cr 
&\om I \om I \on !  '.quad  heat  capac 1 1 y&\ cr \ t skc{4} {2pt } 

SrStefan  iSf  I  $\sigma  LI  1  'k  1  •!  Fa-i  :ated  heat/condncted  heat*\cr\tskc{4}{2pt} 

SrStokes  I  S  I  $\nu/L  ’  2f  T  !  Vi  s  c our  <1  >:•  p  rig  rat  e/fc'  cr 

6\ na  I  '■  ora  I  , or  I  quad  v:V-j  at  ;  ;;  f  r  ^quency 4' cr  tskr{4}{2pt} 

JrEtr  ouhal  1  Mr  ll'fl./Vt !  V:  l  t  a*  :  n.  :  p--d  flow  vn'/:. : t  y*  ..cr'  tr.kc{4H2pt  } 

Cv::  .!  1  Ta  i  1 : r  r  t  r  l  fuga  1  f  :  viscous  force*. m 


i  -  !  r-  .  :  .  -  •  :  :  •  •  :  •  •  ’..a*  trail  spar  ft  r  •  k  •  a 


NcUlUi(s) 


Symbol 


Definition 


Significance 


Hartmann 


Knndsen 


Lorcntz 
L  it  ii(l<|iiist. 


Mach 


Magnetic 
Mach 
Magnetic 
R  eynolds 

Newton 
N  ussel t 


IYclet 

Poisseuille 

Prandt  1. 
Schmidt 

Rayleigh 
Reynolds 
R  ichardson 


R  oss  by 
Stanton 


S  t  e fa  n 

St  likes 


St  mu  ha  1 


Pr.  Sc 


Tilling.  d'h.  Bo 

Boltzmann 

Weber  W 


D  L  /  (ftri)  1 
(Rm  ReC) 
\/L 


/ ioLVa/v  = 
A1  Rm 

V/CS 

V/VA  =  A\~ 

IH)LV/ri 

F/PL2V 2 

ivL/Ji: 

LV/k. 

D2AP/iiLV 

V  /  K 

<j  H3  fiAT  /  uk 
IV I  v 

( NH/AV )2 

V/2QL  sin  A 

(tLT3  / k 

u  f  L2  f 

fL/V 
(2  1112/,,)2 
nl'-(A  nyi/: 
•Ui/i') 

pr^V/faT3 

,>LV2/Y 


Magnetic  force/ 
dissipative  force 

Hydrodynamic  time/ 
collision  time 

Magnitude  of  relativistic  effects 

J  X  Bforce/resistive  magnetic 
diffusion  force 

Magnitude  of  compressibility 
effects 

(Inertial  force/magnetic  force)1/2 

Flow  velocity/magnetic  diffusion 
velocity 

Imposed  force/inertial  force 

Total  heat  transfer/thermal 
conduction 

Heat  convection/heat,  conduction 

Pressure  force/viscous  force 

Momentum  diffusion/ 
heat  diffusion 

Buoyancy  force/diffusion  force 

Inertial  force/viscous  force 

Buoyancy  effects/ 
vertical  shear  effects 

Inertial  force/Coriolis  force 

Thermal  conduction  loss/ 
heat,  capacity 

Radiated  heat/conducted  heat 

Viscous  damping  rate/ 
vibration  frequency 

Vibration  speed/flow  velocity 

Centrifugal  force/viscous  force 

( Centrifugal  force/ 
viscous  loree  ) 1  /  “ 

Convective  heat  transport./ 
radiative  heat  transport 

Inertial  foree/surfaee  tension 


\ir.put  prolog 

\hof  f  set  =  ltruem\vof  f  set.  - 1  ti  ueinVhs  ize  =  6 . 5truein\vs  ize=9truein 
\pageno=25 

{\headfont  Nomenclature:} 

\msk  \def\Cr{\cr  \noal  lgr.I  vsk  ip  2.Spt}} 

y.  \Cr  HAS  BEEN  DEFINED  TO  LEAVE  AN  EXTRA  SPACE  AFTER  EACH  ALIGNED  LINE. 
\halign{#\hf il4\qquad#\hf il\cr 
$B$4Magnetic  inductionXCr 
$C_s , c$4Speeds  of  sound,  light\Cr 

$c_p$ftSpecif ic  heat  at  constant  pressure  (units  $\rm  m~2\ts  s*{-2}\ts 
K'{-l>$)\Cr 

$D=2R$4Pipe  diameterXCr 

$F$4Imposed  force\Cr 

$f$&Vibration  frequency\Cr 

$g$& Gravitational  accelerationXCr 

$H ,  L$&Ve:tical,  horizontal  length  scalesXCr 

lk=\rho  c_p  VcappaS&Thermal  conductivity  (units  $\rm  kg\ts  m'{-l}\ts  s~{-2}$)\C 

$N=(g/H)*{l/2}$4Brunt-~V\"ais\"al\"a  frequencyXCr 

$R$4Radius  of  pipe  or  channelXCr 

$r$4Radius  of  curvature  of  pipe  or  channelVCr 

$r_L$&Larmor  radiusVCr 

$T$4 Temper atur e \Cr 

$V$4Characteristic  flow  velocityXCr 

$V_A  =  B/  (\mu_0\rho)  *{  l/2}$*rAlf  v\  ’  en  speed} cr 

$\alpha$4Newton ’ s-law  heat  coefficient,  $\displaystyle  k{\part  T  \over 
\part  x}=\alpha\Delta  T$\Cr 

$\beta$4Volumetr ic  expansion  coefficient,  $dV/V  =  \beta  dT$\Cr 
$\Gamma$&Bulk  modulus  (units  $\rm  kg\ts  m*{-l}\ts  s*{-2}$)\Cr 
$\Delta  R,  \Delta  V,  \Delta  p,  \Delta  TS&Imposed  difference  in  two  radii, 
velocities , \cr 

^pressures,  or  temperaturesXCr 
$\eps ilon$&Surf ace  emiss i vi t y\Cr 
$\eta$4Electrical  r es i s t 1 v ity\Cr 

$\kappa$lThermal  diffusivity  (units  $\rm  m‘2\ts  s'{-l}$)\Cr 
$\Lambda$&Lat.  1  tude  of  point  on  earth's  surface\Cr 
$\lambda$4Coll 1 s  lonal  mean  free  pathXCr 
$\mu=\rho\nu$4Bul k  viscosity  Cr 
$\mu _0$4Permeab i 1  lty  of  free  space\Cr 

$\nu$tKir.ematic  viscosity  (units  $\rm  m'2\ts  s‘{-l}$)\Cr 


$\rho$tXass  density  ‘  fluid  red ium\Cr 

I  r :.  .  $4- Mar::  dens  :  *  y  f  !  •;••!  I-,  droplet ,  or  moving  *bject\Cr 
I  :  ?~:\  ft;',:;!  fa  :  ir  kg'  ts  s'-f-2}$)\Ci 

t'  sigraHFtef  an  •  B  lt.*r  «,r.  -  •  Cr 

I  tit:'  .1  I  :  :  !v  *  •  r  .  :  1.  1 :  ve'.-  ;*  v  Cr  r 


Nomenclature: 


C s  '  e 


D  =  2R 


II.  L 

k  =  f>CpK 

N  =  (u/H)1/2 


VA  =  D/(,ioP)' 


A  R.  AK  A p.  AT 


//  = 


Magnetic  induction 
Speeds  of  sound,  light 

Specific  heat  at  constant  pressure  (units  m2  s 

Pipe  diameter 

Imposed  force 

Vibration  frequency 

Gravitational  acceleration 

Vertical,  horizontal  length  scales 

Thermal  conductivity  (units  kgm-1  s~2) 


2.-2 


Brunt  Vaisiila  frequency 

Radius  of  pipe  or  channel 

Radius  of  curvature  of  pipe  or  channel 

Larnior  radius 

Temperature 

Characteristic  flow  velocity 
Alfven  speed 

OT 

Newton  s-law  heat  coefficient,  k -  =  a  AT 

Ox 

Volumetric  expansion  coefficient,  dV/V  =  (5dT 

Bulk  modulus  (units  kgm  s  ~) 

Imposed  difference  in  two  radii,  velocities, 
pressures,  or  temperatures 

Surface  emissivity 

Electrical  resistivity 

Thermal  diffusivit.y  (units  m2s-1) 

Latitude  of  point  on  earth's  surface 
Collisional  mean  frtu;  path 
Bidk  viscosity 
Permeability  of  free  space 
Kinematic  viscosity  (units  m“s~1) 

Mass  density  of  fluid  medium 

Mass  density  of  bubble,  droplet,  or  moving  object 
Surface  tension  (units  kgs~“) 

Stefan  Boltzmann  constant 
Solid-body  rotational  angular  velocity 


mS, 
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\mput  prolog 

\hof f  set  =  1 . 25truein\vof  f set  =  1 . 0truein\hsize=6 . 0truein\vsize  =  9 . 0 true in 
\pageno=26 

{\def \ups{\upsilon}  \def \NQ{\medskip\N\quad}  \def \PH{$\phantom{l}$} 
\def\sq{‘{\phantom{l}2}}  \def\medskip{\vskip4. Opt} 

%  \PH  SKIPS  THE  SPACE  OF  THE  DIGIT  *  1 '  SO  THAT  EQUATIONS  NUMBERS  LINE  UP. 

*.  \medskip  HAS  BEEN  REDEFINED  TO  ADJUST  THE  SPACING  OF  THE  TABLE. 

\NQ  SKIPS  SPACE  DOWN  AND  INDENTS  ONE  \quad  TO  ALIGN  EQUATIONS. 

\centerl ine{\ head! ont  SHOCKS}  \bsk\indent 

At  a  shock  front  propagating  in  a  magnetized  fluid  at  an  angle  $\theta$  with 
respect  to  the  magnetic  induction  {\bf  B} ,  the  jump  conditions  are  $"{13,  14}$ 
\NQ\PH(l)  $\rho  U  -  \ov{\rho}\ov{U}  \equiv  q$ ; 

\NQ\PH ( 2)  $ \rho  U ~ 2+p+B_\perp\sq/2\mu=\ov{\rho}\ov{U}"2+ 
\ov{p}+\ov{B}_Nperp\sq/2\mu$; 

\ N Q \ P H !. 3 )  $\rhc  UV  -  B_\parallel  B_\perp/\mu  = 

\ov{\rho}\ov{U}\ov{V}  -  \ov{B}_\parallel  \ov{B}_\perp/\mu$ ; 

\NQ\PH(4/  $B_\paraIlel  =  \ov{B}_\parallel$ ; 

\NQ\PH(S)  $'JB_\perp  -  VB_\parallel  =  \ov{U}\ov{B}_\perp  - 
\ov{ V}\ov{B }. \parallel$ ; 

\NQ\PH(6)  ${l\over2}(U~2+V‘2)+w+(UB_\perp\sq-VB_\parallel  B_\perp)/\mu\rho  U$ 
\smallskip 

\qquad\qquad\qquad$={ 1 \over 2} ( \ov{U}"2+\ov{V}'2) +\ov{w}+ (\ov{U}\ov{B}_\perp\sq 
-\ov{V}\ov{B}_\paral lel\ov{B}_\perp)/\mu\ov{\rho}\ov{U}$ . 

\medskip\N 

Here  $U$  and  $V$  are  components  of  the  fluid  velocity  normal  and  tangential  to 
the  front  in  the  shock  frame;  $\rho  =  l/\ups$  is  the  mass  density;  $p$  is  the 
pressure;  $B_\perp  =  B  \sin  \theta$,  $B_\parallel  =  B  \cos  \theta$;  $\mu$  is  the 
magnetic  permeability  ($\mu  =  4  \pi$  in  cgs  units);  and  the  specific  enthalpy  is 
$w  =  e  +  p\ups$,  where  the  specific  internal  energy  $e$  satisfies  $de  =  Tds 
-  pd\ups$  in  terms  of  the  temperature  $T$  and  the  specific  entropy  $s$. 
Quantities  in  the  region  behind  (downstream  from)  the  front  are  distinguished  by 
a  bar.  If  ${\bf  B}  =  0$,  then$‘{15}$ 

\NQ\PH(7)  $U  -  \ov{U}  =  \lef t [(\ov{p}  -  p)(\ups  -  \ov{\ups}) \r ight] * { 1 /2}$ ; 
\NQ\PH(8)  $(\ov{p}  -  p)(\ups  -  \ov{\ups}) '{-1}  =  q‘2$; 

\NQ\PH(9)  $\ov{«}  -  u  =  {l\over2}(\ov{p}  -  p)(\ups  +  \ov{\ups})$; 

\NQ(10)  $\ov{e}  -  e  =  { l\over2}(\ov{p}  +  p)(\ups  -  \ov{\ups})$. 

\medsk ip\N 

In  what  follows  ue  assume  that  the  fluid  is  a  perfect  gas  with  adiabatic  index 
$  .gamma  =  1  +  2/n$,  where  $n$  is  the  number  of  degrees  of  freedom.  Then  $p  - 
\rho  RT/m$,  where  $R$  is  the  universal  gas  constant  and  $m$  is  the  molar  weight; 
the  sound  speed  is  given  by  ${C_s}~2  =  (\partial  p/\part ialXrho) _s  =  \gamma 
p\ups$;  and  $w  -  \gamma  e  -  \gamma  p  \ups/(\gamma  +  l)$.  For  a  general  oblique 
shock  m  a  perfect  gas  the  quantity  $X  =  r * {-1 } (U/V_A ) " 2$  sat isf ies$" { 14}$ 

\MQ ( 1 1 )  $(X  -  \beta/\alpha) (X  -  \cos"2\theta) ‘2  = 

X\s in ‘ 2\theta\ i ef t \ { \ 1 ef t  [l  +  (r-1 )/2\alpha\r ight] X  -  \cos ' 2\theta\r ight\}$ , 
where  $r  =\ ov{\ rho}  '  rho$  ,  $',al pha  =  { l\over2}\lef t [\gamma+l -(\gamma-l)r\right]$, 
and  $\beta= {C_s} ' 2/{V_ A} " 2 -4\pi\gamma  p/B‘2$. 

\medsk ip\ N 

The  density  ratio  is  bounded  by 

\NQ(12)  $1  <  r  <  ( .gamma + 1 )/( 'gamma- 1 )$ .  \medskip\N 

If  the  shock  is  normal  to  {'\bf  B}  (i.e.,  if  $\theta  =  \pi/2)$,  then 
\NQ ( 1 3 )  $U " 2 r ( r / \ a l ph a ) \ 1 e f t 

\{{C_s}'2+{V_A}'2'Ieft[l+(l -\ gamma/2 )(r-l)\right]\r:ght\}$;} 

\vfil\ej  ec t \end 
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SHOCKS 


At  a  shock  front,  propagating  in  a  magnetized  fluid  at  an  angle  9 
with  respect  to  the  magnetic  induction  B.  the  jump  conditions  are  13,14 

(1)  pU  =  pU  =  q\ 

(2)  pU 2  +p+  B2/2p  =  pU2  +p+  B±2/2p.: 

(3)  pUV  -  BnB±/,t  =  pUV  -  BnBj_/,r, 

(4)  Bn  =  % 

(3)  UB±  -  VB] |  =  UB±  -  V  Cy : 

(  G  )  b  (  l  ~  +  \  )  +  »'  +  (  U  B  —  1/  Z?  ||  B  j_ )  /  p  p  U 

=  Uu2  +  v2)  +  w  +  (UB2  -  V B\\B ±) / p.pU . 

Hen;  U  and  V  are  components  of  the  fluid  velocity  normal  and  tangent  ial 
to  ‘he  front  in  the  shock  frame:  p  -  1  (v  is  the  mass  density:  p  is  the 
pressure:  B  j_  =  B  sin  9.  B  ||  —  Be  os  9:  p.  is  the  magnetic  permeability 
( //  =  4 7r  in  cgs  units):  and  the  specific  enthalpy  is  w  =  e  +  pv.  where 
the  specific  internal  energy  e  satisfies  da  =  Tils  —  pdv  in  terms  of  the 
temperature  T  and  the  specific  entropy  s.  Quantities  in  the  region  behind 
(downstream  from)  the  front  are  distinguished  by  a  bar.  If  B  =  0.  then15 

(7)  U  -  U  =  [( p  -  V)(v  -  v  )J1/2: 

(3)  (  [>  —  p)(  r  e  )  —  =  q~  : 

(0  )  w  -  w  —  i  (p  —  /')(•"  +  r’): 

(10)  e  —  e  =  h  i  p  +  p)(  >'  —  e ) . 

In  what  follows  we  assume  that  the  fluid  is  a  perfect  gas  with  adiabatic 
index  7=1+  2/a.  where  n  is  the  number  of  degrees  of  freedom.  Then 
p  —  p  IBB /in.  where  f\  is  (lie  universal  gas  constant  and  in  is  the  molar 
weight:  the  sound  speed  is  given  by  Cb  ”  =  ( 0p/0p )s  =  ypi".  and  in 
■  ■  =  ~fpi'/{~<  +  1  ).  For  a  general  oblique  shock  in  a.  perfect,  gas  the 

quantity  A  =  r  _  1  (  I  /\’i)~  satisfies14 

I  1  1  )  (A  —  .  i  /  o  )  (  A  —cos"  H)~  =  .V  sin"  9  ^  [  1  +  (  r  —  ]  )  /  2  <  >  ]  A  —  cos"  9  ^  . 
where  r  —  p / p.  o  =  t:  [ ">  +  1  —  (  7  —  I  )  ;■] .  .and  pi  —  Cb  ~  /  \  j  “  =  4  Tcyp/  B~  . 

Idie  density  ratio  is  bounded  1  >  v 
112)  1  <•  r  <  (  7  4  1  )/(  7  -  1  ). 

1)  the  shock  is  normal  to  B  (i.c..  if  H  =  tt  /  2 ) .  then 

(  13)  l'2  =  I  c/o  )  {  Cb"  +  \  4  "  [1  +  (1  -  7/2  )(  /•  -  1  )]}: 
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\input  prolog 

\hof f set=l . 25truein\vof f set= 1 .0truein\hsize=6.0truein\vsize=9.0truein 
\pageno=27 

{\def\ups{\upsilon)  \def\NQ{\medskip\N\quad} 

\def \sq{~{\ph{l}2>}  \def \medskip{\vskip4 . Opt) 

'/.  \PH  SKIPS  THE  SPACE  OF  THE  DIGIT  *1’,  SO  THAT  EQUATION  NUMBERS  LINE  UP. 

'/.  \medskip  HAS  BEEN  REDEFINED,  TO  ADJUST  THE  SPACING  OF  THE  TABLE. 

V.  \NQ  SKIPS  SPACE  DOWN  AND  INDENTS  ONE  \quad,  TO  ALIGN  EQUATIONS. 

\NQ (14)  $U/\ov{U>  =  \ov{B}/B  =  r$; 

\NQ(  15)  $\ov{V>  =  V$ ; 

\NQ ( 16)  $\ov{p}  =  p  +  (1  -  r'{-l})\rho  U‘2  +  (1  -  r ~2) B ' 2/2\mu$ .  \medskip\N 
If  $\theta  =  0$,  there  are  two  possibilities:  switch-on  shocks,  which  require 
$\beta  <  1$  and  for  which 
\NQ ( 17)  $U‘2  =  r{V_A}~2$; 

\Nq(l8)  $\ov{U>  =  {V_A}~2/U$; 

\NQ( 19)  $\ov{B}_\perp\sq=2B_\parallel\sq(r-l) (\alpha-\beta) $ ; 

\NQ(20)  $\ov{V>  =  \ov{U}\ov{B}_\perp/B_\parallel$ ; 

\NQ(21)  $\ov{p>  =  p  +  \rho  U~2(l  -  \alpha  +  \beta)(l  -  r'{-l>)$,  \medskip\N 
and  acoustic  (hydrodynamic)  shocks,  for  which 
\NQ(22)  $U‘2  =  (r/\alpha){C_s}‘2$ ; 

\NQ (23 )  $\ov{U>  -  U/r$ ; 

\NQ(24)  $\ov{V}  =  \ov{B}_\perp  =  0$ ; 

\NQ(25)  $\ov{p}  =  p  +  \rho  U'2(l  -  r‘{-l})$.  \medskip\N 

For  acoustic  shocks  the  specific  volume  and  pressure  are  related  by 

\NQ(26) 

$\ov{\ups>/\ups=\lef t [(\gamma+l )p+ 

( \ gamma- 1 )\ov{p}\r ight] /\lef t  [  (\gamma-l)p+(\gamma+l )\ov{p}\r lght] $ . 
\medskip\N 

In  terms  of  the  upstream  Mach  number  $M  -  U/C_s$, 

\NQ (27)  $\ov{\rho}/\rho=\ups/\ov{\ups}= 

U/\ov{U}= (\gamma+ 1 )M“2/ [(\gamma-l )M‘2+2] $ ; 

\NQ(2S)  $\ov{p}/p=(2\gamma  M*2-\gamma+l)/(\gamma+l)$ ; 

\NQ(29)  $\ov{T}/T= [( \gamma- 1 )M‘2  +  2] (2\gamma  M‘2-\gamma+ 1 ) / (\gamma+l) "2M*2$  ; 
\NQ(30)  $\ov{M} "2= [(\gamma- 1 )M‘2  +  2] / [2\gamma  M ‘ 2-\gamma+ l] $ .  \medskip\N 
The  entropy  change  across  the  shock  is 

\NQ(31 )  $\Delta  s\equi v\ov{s}-s=c_\ups\ln [ (\ov{p}/p) (\rho/\ov{\rho} ) ~\gamma] $ , 
\medskip\N 

where  $c_\ups=R/(\gamma-l)m$  is  the  specific  heat  at  constant  volume;  here  $R$ 
is  the  gas  constant.  In  the  weak-shock  limit  ($M\rightarrowl$) , 

\NQ(32)  $\displaystyle  \Delta  s\nghtarrow 

c_\ups{2\gamma (\gamma- 1 )\over3(\gamma+ 1 ) } 

(M"2  —  1 )  3\appr ox{  1 6\ gamma  R\over3( \gamma+  l)m}(M-l)‘3$. 

\  m  e  d  s  k  i  p  \  N 

The  radius  at  time  $t$  of  a  strong  spherical  blast  wave  resulting  from  the 
explosive  release  of  energy  $E$  in  a  medium  with  uniform  density  $\rho$  is 
\NQ ( 33)  $R_S  =  C_0 ( Et ' 2/\rho )  {l/5>$, 

\  m  e  d  s  k  i  p  \  fi 

where  $C_0$  is  a  constant  depending  on  $\gamma$ .  For  $\gamma=7/5$ ,  $C_0=1 .033$.} 
\  v  f  i  1  \  e  3  e  c  t  \  “  n  d 
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(14)  U/U  =  D/D  =  r; 

(15)  V  =  V; 

(1G)  p  =  p+  (1  -  r~l)pU2  +  (1  -  r2)D2  /  2/i. 

If  0  =  0,  there  are  two  possibilities:  switch-on  shocks,  which  require 
li  <  1  and  for  which 

(17)  U 2  =  vVa2: 

(IS)  U  =  Va2/U : 

(19)  D2  =  2B||2(r  -  1)(«  -/3); 

(20)  V  =  UB±/Dn: 

(21)  p  =  p  +  pU2(  1  -  n  +  /1)(1  -  r"1), 

and  acoustic  (hydrodynamic)  shocks,  for  which 

(22)  D2  =  (r/tt)Cfl2: 

(23)  U  =  U/r : 

(24)  V  =  D±  =  0: 

(25)  //  =  />  +  //D2(l  -  r"1). 

Fur  acoustic  shocks  the  specific  volume  and  pressure  are  related  by 

F2G)  v j v  =  [(7  +  1  )p+  (7  -  1)f]/I(7  -  l)p  +  (7  +  1  )p]- 

In  terms  of  the  upstream  Mach  number  M  -  U /C\s . 

(27)  ph>  =  v/v  =  U/U  =  (7  +  1 ) A/ 2 / [ ( 7  -  1)  A/2  +  2]: 

(  28)  f/p  -  (27 A/ 2  -  7  +  1 ) /( 7  +  1): 

(29)  T/T  =  [(7  -  1)A/2  +  2] ( 27 A/ 2  -  7  +  l)/(7  +  1)2M2: 

(30)  A72  =  [(7  -  1)A/2  +  2]/ [27 A/ 2  -7  +  1]. 


The  entropy  change  across  the  shock  is 
(31  )  As  =  s  -  s  =  r,.  \n[(f>/ p)(p/ 

where  c,.  =  /?/ ( 7  —  1)7//.  is  the  specific  heat  at  constant  volume:  here  /? 


is  the  gas  constant.  In  the  weak-shock  limit  (A/ 

.  3  IC7/? 


.  27(7-1)  ; 


1)' 


3(7  +  1 )  in 


1). 


(A/  -  1)' 


The  radius  at  time  t  of  a  strong  spherical  blast  wave  resulting  from  the 
explosive  release  of  energy  E  in  a  medium  with  uniform  density  p  is 

(33)  Iis  =  Cn{Et2/P)1/r\ 


where  ( 'ii  is  a  const  ant  depending  on  7.  For  7  =  7/5.  C'n 


1 .033. 


r. o  ffcet  -  it ru»:r.  r. '  r  f  = : *  r-:.-in'.vr.iz<-  =  6 . 5truein\vcize=f>tru<?in 

pager,  r  =25 

'  centerline-?  h.endf -nr.  F1T2AME': TAL  PLASMA  PARAMETERS} 
bigskip  indent 

All  quant  ities  are  ir.  Gauss  car.  cgs  units  except  temperature  ($T$,  $T_ef , 
expressed  ir.  eV  and  ion  mass  ($m_i$)  expressed  in  units  of  the  proton  so 
i:  rrr.:  r. _  p$  ;  $'  ,2$  is  charge  state;  $\,k$  is  Boltzmann’s  constant;  $'•.  , 
*  h  ;  $  , '  cnrrat  is  the  adiabatic  index;  $\ , \ln\Lambda$  is  the  Cor 

1  gar: • hr. 

~  •  •  . .  r.  •  :r.  lent  ■>’'  headfcr.t  Frequencies}-  \smallskip 
•  ;ef  ,’r.t  :  r  ■  r  c  al :  gnf'.  v  ck  i  p2 . 5pt }} 

is  :ef:::el  tc  skip  space  after  each  line. 
a  1 :  g r.  t  quad#  hfrlfc'  qquad$#$\hf il\cr 

*  :  '  r.  gyr  f  r  equer  -ytf  _{c»}  =  '  ?rrega_{ce}/2\pi  =  2 . 80\t imeslO~6B\  ,  \rm  Hz'  C 
4  ■'  >’  a  _  '  r._  ec  =  1  .76'  t  lines  1 0*7B\  ,\rm  rad/sec\CR 

:  r  ?yi  :  r pier c ;; 5  f ..  •' c  :  }  =  ■' r egn_{c  i }/2\pi  =  1 . 52\t  imes  1  O' 3Z\mu*  {- 1  }B'- , '  r:r. 
t  r-r't  r  _  i  c  =  9  .  SB  t  ir.es  1 0 ' 3Z\mu'{-  1}B\ , \rm  rad/sec\CR 
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FUNDAMENTAL  PLASMA  PARAMETERS 


All  quantities  are  in  Gaussian  cgs  units  except  temperature  (T.  T,  . 
T,  )  t'xpressc'd  in  eV  and  ion  mass  (/a,)  exjjresst'd  in  units  of  the  proton 
mass,  ft  —  in;/mp:  Z  is  charge  state:  k  is  Boltzmann's  constant:  K  is 
wavelength:  7  is  the  adiabatic  index:  In  A  is  the  Coulomh  logarithm. 
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\input  prolog 

Vhoffset=ltrueinVhoffset=ltrueinVvsize=6.5truemVvsize=9truein 

Vpageno=29 

{Vheadfont  Velocities} 

Vsmallskip{VdefVCR{VcrVnoalign{Vvskip2.5pt}} 

*/.  \CR  SKIPS  A  SPACE  AFTER  EACH  LINE. 

Vhalign{Vquad#Vhf il&Vqquad$8$Vhf llVcr 

electron  thermal  velocity&v_{Te}= (k.T_e/m_e) '{l/2}VCR 

&Vph{v_{Te}}=4. 19VtimeslO'7{T_e}'{l/2}V,Vrm  cm/sec\CR 
ion  thermal  velocity &v_{Ti}=(kT_i/m_i)"{l/2}\CR 

&Vph{ v_{Ti}}=9 . 79V t imes 10"5Vmu‘ {- 1/2} {T_i}‘ {1/2}V , V rm  cm/sec \CR 
ion  sound  veloc ity&C_s= (\gamma  ZkT_e/m_i ) " { 1 /2}\CR 

&\ph{C_s}  =  9.79\timesl0‘5  ( \  gamma  ZT_e/Vmu)'{l/2}V,Vrm  cm /sec  VCR 
Alfv\'en  velocity&v_A=B/(4Vpi  n_im_i ) ~{ 1 /2}\CR 

&\ph{v_A}  =  2. 18\t imes 10'{l l}Vmu‘{-l/2}{n_i}‘{-l/2}EV  ,  \rm  cm/sec\CR 
\noalign{\headfont  Dimensionless} 

\sk 

(electron/proton  mass  ratio)$*{l/2}$S:(m_e/m_p)"{l/2}=2.33\timesl0‘{-2} 
number  of  particles  m?:(4Vpi/3)n{\lambda_D}‘3  = 

1 .72\timesl0'9T'{3/2}n*{-l/2}\cr 
\quad  Debye  sphereVCR 

Alfv\’en  velocity/speed  of  1 ight&v_ A/c=7 . 28\mu" {- l/2}{n_ i} * {- 1/2}BVCR 
electron  plasma/gyrof requencyfc 

\omega_{pe}/\omega.{ce}-3 . 2 1 \t imes 10 " {-3}{n_e} " { 1 /2}B 1 }\cr 
\quad  ratioVCR 

ion  plasma/gyrof requency  ratio?: 

Vomega_{pi}/Vomega_{ci}=0 .  137Vmu‘  { l/'2}{n_i}"  {1/2}B‘{-  l}VCR 
thermal/magnetic  energy  rat io&Vbeta=8Vpi  r.kT/B‘2-4 . 03Vt  imes  10' {- 1  l}nTB 
magnetic/ion  rest  energy  ratio&B'2/8\pi  n_ im_ic'2=26 . SVmu'{- 1 }{n_i} 

\sk 

\noalign{\headfont  Miscellaneous} 

\sk 

Bohm  diffusion  coef  f  i  c  i  ent  5:D_B=  ( ckT/ 1 6eB )  VCR 

&\ph{D_B}=6 . 25\t imes 10'6TB*{-1}\ ,\rm  cm '2 /sec VCR 
transverse  Spitzer  resistivity?: 

Veta_Vperp= 1 . 15Vt imes 1 0" {- 14}ZV InVLambda  T'{-3  '2}V , Vrm  sec  VCR 
?;V  ph{Veta_Vperp}  = 

1  .  C3\times  1 0*{-2}Z’-  InVLambda  T '  {-3/2} V  ,  \ Omega Vr mV  ,  cm\CR}} 
VsmallskipV no  indent 

The  anomalous  collision  rate  due  to  low-frequency  ion-sound  turbulence 
$$  \nu\  hbc  x  {  *  }  V  apt; .  x  V  ■  mo-?a_  { :>e}  ■  widetilde  V/kT  -  5 . 64  V  t  imes  1 0 ' 4  {n  _  e}  '  {  1  > 
Vwidet llde  ’/  /  k  T  -  ,  ••.rm  s  e  c  '  {  - 1 }  ,  $  $ 

where  $Vw idet  i  lde  y$  is  the  total  energy  of  waves  with  $\omega/K  <  v_{ 

VsmallskipV  nomdent 

Magnetic  pressure  is  given  by 

$$P_{ Vrm  mag}  =  B' 2/8  , pi -3. 98VtimeslO"6B"2V,{Vrni  dynes /cm}‘2  =  3.93(B/B_0) 
atm ,  $$ 

where  $B _0=  1  C  V  ,V.rm  k C -  1  ’  t  T$  • 
v small sk  : p\«o indent 

Detonation  energy  of  I  kiloton  of  high  explosive  is 
f tW_{Vrm  kT}= 1 0' { 1 2 V  ,  rm  ca 1 =4 . 2V t imes 1 0 '{ 1 9} V , erg . $$ 


*« 


■n’y.1  v  *jr  v  v  et  TT^rm^  yn  gy  ctwiwv.v.  v  v  *.-  v  *- k*  ^ 


Velocities 

electron  thermal  velocity 

ion  thermal  velocity 
ion  sound  velocity 
Alfven  velocity 

Dimensionless 

(electron/proton  mass  ratio)1/2 

uumber  of  particles  in 
Debye  sphere 

Alfven  veloeity/speed  of  light 

elect ron  plasma/ gyrofrequeney 
rat  io 

ion  plasma/gyrofrequency  ratio 
thermal/magnetic  energy  ratio 
magnet  ic/ion  rest  energy  ratio 

Miscellaneous 

Bolim  diffusion  coefficient 


vTe  =  ( kTe  /  nif  ) 1/2 

=  4.19  x  10 7Tf  1/2  cm/sec 
vTi  =  (kTi  /m,  )1/2 

=  9.79  X  105/r_1/2T,1/2  cm/sec 
Cs  =  (7  ZkTc/rui)l/2 

=  9.79  x  105(7ZTr//i)1/2  cm/sec 
e.A  =  D /(A-nnim t)x^2 

=  2.18  x  1011  fr1/2ni~l/2  D  cm/sec 

(rnc/rnv)l/2  =  2.33  x  10-2  =  1/42.9 
(47r/3)n.AD3  =  1.72  x  10°T3/2n_1/2 

vA/c  =  7.28/i-1/2n,  ~1/2  J5 
Wpe/Wre  =3.21  X  10~  3nc  1/2  B  "  1 

Wpi/Uei  =  0.137/i1/2/i,1/2B_1 
P  -  8tt nkT/D2  =  4.03  x  10_11nTi3"2 
B2  /Sirrii  nii  c2  =  2G.5/i-1n,  _1  B2 


1  rnnsverse  Spitzer  resistivity 


Db  =  (ckT  /lGcB) 

=  G.25  X  10°T B-1  cm2 /sec 
T] j_  =  1.15  x  10“14Zln  AT~3/2  sec 
=  1.03  x  10-2Z  In  A r_3/2  flcm 

I  lie  anomalous  collision  rate  due  to  low-frcqucncy  ion-sound  turbulence 
i>  ^  _ 

V*  «  u >l>fW/k.T  =  5. 04  x  104nf  1/2  W  /  /v7^  sec- 1 . 

where  IB  is  the  total  energy  of  waves  with  u> / K  <  t'r/- 
Magnetic  pressure  is  given  by 

/’...i,*  =  B2/8tt  =  3.98  x  10°B2  dynes/cm2  =  3.93 (B/B0)2  atm. 
where  Bo  =  10  kG  =  1  T. 

Detonation  energy  of  1  kiloton  of  high  explosive  is 


VB^t  =  101-  cal  -  4.2  x  10iy  erg. 
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centerline{\headf ont  PLASMA  DISPERSION  FUNCTION} 

'bigskip\N  Definitions "{16}$  (first  form  valid  only  for  ImSV , \zeta>0$ )  : 
i'$Z(\zeta)=\pi"{-l/2}\int_{-\infty}"{+\infty}{dt\,\exp\left(-t"2\right)\over 
t-\zeta}=2i\exp\lef t ( -\zeta"2\r ight )\int_{-\inf ty} ~{i\zeta}dt\ ,\exp\left(-t"2 

right )  .  $$ 

\!J  Physically,  $\zeta=x+iy$  is  the  ratio  of  wave  phase  velocity  to  thermal 
velocity. 

\medskip\N  Differential  equation: 

$${dZ\over  d\zeta}=-2\left(l+\zeta  ZVright ), \>Z(0)=i\pi"{ 1/2} ;\quad{d‘2Z\ over  d 
\zeta"2}+2\zeta{dZ\over  d\zeta}+2Z=0 . $$ 

\U  Real  argument  ($y=0$) : 

$$Z(x)=\exp\lef t (-x"2\right)\lef t (i\pi"{l/2}-2\int_0~x dt\,\exp\left(t"2\nght) 
\right)  .  $$ 

\N  Imaginary  argument  ($x=0$) : 

$$Z( iy ) =i\pi"{l/2}\exp\lef t (y "2\right)\lef t [l-{\rm  erf} (y )\r ight] . $$ 

\N  Power  series  (small  argument): 

$$Z (\zeta) =i\pi"{l/2}\exp\lef t (-\zeta'2\r ight)-2\zeta\lef t ( l-2\zeta"2/3+4\zeta" 
4/15-8\zeta"6/105+\cdots\right) . $$ 

\N  Asymptotic  series,  $\mid\zeta\mid\ggl$  (Ref.  17): 

$$Z(\zeta)=i\pi"{l/2}\sigma\exp\left(-\zeta"2\right)-\zeta"{-l}\left(l+l/2\zeta 

' 2+3/4\zeta“4+ 15/8\zeta"6+\cdots\r ight ) , $$ 

where 

$$\sigma=\lef t\{\ , \vc enter {\halign{$#\ ; $&\hf il$#$\hf il&\hf il$\ ; #\ ; $\hf ilft$*$ 

\hf il\cr 

0\;&yfc>&\mid  x\mid"{-l}\cr 
l\;&\mid  y\mid&<&\mid  x\miid*{-l}\cr 
2\;4y&<&-\mid  x\mid"{- 1 }\cr}}\r ight . $$ 

\fl  Symmetry  properties  (the  asterisk  denotes  complex  conjugation): 
:i:iZ(\zeta\hbox{  +  })  =-\lef  t  [Z(-\zeta)\r  ight]  \hbox{\kern  -  Ipt*}  ;  $$ 
$lZ(\zeta\hbox{*}) =\left[Z(\zeta)\right] \hbox{*}+2i\pi"{l/2}\exp [-(\zeta 
' hbox{*}) "2] \quad(y>0) .$$ 

\N  Two-pole  approximations$~{l8}$  (good  for  $\zeta$  in  upper  half  plane  except 
when  $y<\pi'{l/2}x"2\exp(-x"2) , \ ; x\ggl$) : 

1 S\eqal ign{Z(\zeta )&\appr ox {0 .50+0.81 i\over  a-\zeta}-{0 . 50-0 . 81 i\over  a\hbox {  +  } h 
' zeta},\;\;a=0.51-0.81i;\cr 

Z ‘ { \zeta)&\approx{0 .50  +  0.96i\over(b-\zeta)“2}  +  -(0. 50-0 . 96i\over (b\hbox{»}  +  \zet  a ' 
2},\ ;\;b=0. 48-0.9 li.\cr}$$ 

\ v f  l  l\e j ect\ end 


PLASMA  DISPERSION  FUNCTION 


Definition10  (first  form  valid  only  for  Im  C  >  0): 


Z(  C)  =  7f-1/2 


>  +  3C  dt  exp  (-t2) 


—  Oi 


t  -  c 


i  exp  (~C2)  /  dt  <;XI>  (  —  c) 


Physically,  £  =  x  +  iy  is  the  ratio  of  wave  phase  velocity  to  thermal 
velocity. 


Differential  equation: 


dZ  i /*>  d~  Z  dZ 

—  =  -2(1  +  C Z).  Z{ 0)  =  iTT1/-:  — r  +  2C—  +  2Z  =  0. 

d(  a(. 


Real  argument  (;y  =  0): 

Z(x)  =  exp  ^  — x-j  |  ? 7T 1  ^ 2  —  2 


dt  exp 


Imaginary  argument  (x  =  0): 

Z{iy)  =  ?.7r1/2cxp  (i/2)  [1  -  erf(yy)]  . 

Power  series  (small  argument): 

Z(C)  =  i 7r1/2exp  (-C2)  —  2 C  ( 1  —  2C2/3  +  4C4/P3  -  SCC/105  +  ■  •  •)  . 
Asymptotic  series.  |  C  |)§>  1  (Ref.  17): 

ZfO  =  7.7r1/2 a  exp  (-C2)  -  C_1  (l  +  1  / 2 C 2  +  3/4C4  +  15/8C°  +•••). 


where 

f  0  V  >  !  *  I"1 

i  I  y  I  <  i  *  r1 

l  2  y  <  -  |  x  I”1 

Symmetry  properties  (the  asterisk  denotes  complex  conjugation): 

Z(C)  =  -  [Z(—( )] *: 

Z(C)  =  [Z(  O]  *  +  2/tt1/2  exp[—  ( C*  )2  ]  (//  >  0). 

Two-pole  approximations18  (good  for  C  in  upi»er  half  plain'  <vxcept  when 
!l  <  7r1/2x2exj )(— x2).  x  >>1): 

0.50  +  0.81/  0.50  -  0.81/ 

«  -  C  «■*  +  C 

0.50  +  0.90/  0.50  -  0.90/ 


Z(C) 


«  =  0.51  -  0.81/: 


I 
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'  \centerline{\headfont  COLLISIONS  AND  TRANSPORT}  \bsk\indent 

|  Temperatures  are  in  eV;  the  corresponding  value  of  Boltzmann’s  constant 

is  $k  =  1.60\times  10"{-12}\ ,$erg/eV;  masses  $\mu$ ,  $\mu’$  are  in  units  of 
the  proton  mass;  $e_\alpha  =  Z_\alpha  e$  is  the  charge  of  species  $\alphaT 
All  other  units  are  cgs  except  where  noted.  \msk 
{\headfont  Relaxation  Rates}  \ssk\indent 

'  Rates  are  associated  with  four  relaxation  processes  arising  from  the 

i  interaction  of  test  particles  (labeled  $\alpha$)  streaming  with  velocity  { 

v}$_\alpha$  through  a  background  of  field  particles  (labeled  $Xbeta$) : 

$$  \eqalign{  \hbox  to  108pt{slowing  downXhfil}  &{d{\bf  v}_\alpha\over  dt} 
-\nu_s'\A0B  {\bf  v}_\alpha  \cr 

\hbox  to  108pt{transverse  dif f us lonXhf il}  &{d\over  dt}({\bf  v}_\alpha 
-  {\bf  \bar  v}_\alpha) “2_\perp  =  \nu_\perp‘\AOB  {v_\alpha}'2  \cr 
\hbox  to  108pt{parallel  dif f us ionXhf il}  &{d\over  dt}({\bf  v}_\alpha  - 
{\bf  \bar  v}_\alpha) ‘2_\parallel  =  \nu_Xparall el "\AOB  {v_Xalpha}‘2  \cr 
Xhbox  to  108pt{energy  lossXhfil}  &{d\over  dt}{v_Xalpha} '2  =  -\nu_ 

Xeps ilon'XAOB  {v_\alpha} ‘2 ,  \cr}$$ 

where  the  averages  are  performed  over  an  ensemble  of  test  particles  and 
a  Maxwellian  field  particle  distribution.  The  exact  formulas  may  be 
written$‘{l9}$ 

$$\eqalign{\nu_s‘\AOB  &=  ( 1 +m_\alpha/m_\beta)\psi (x'XAOB  ) 

\nu_0'\A0B  ;  \cr 

\nu_\perp*\AOB  k-  2\left[  ( l-l/2x'\A0B)  \psi(x*\A0B)+  Xps i ’ ( x“\A0B) \r ight] 
\nu_0-\A0B  ;  Xcr 

Xnu_\parallel'\AOB  ft=  \left[  \psi(x‘\AQB)/x‘\AOBXright]  Xnu_0‘\A0B  ;  Xcr 
\nu_\eps ilon'XAOB  &=  2\left[  (m_\alpha/m_\beta)\psi (x'XAOB)  - 
Xpsi’ (x'XAOB) \r ight] \nu_0'\A0B  , }$$ 
where 

$$\nu_0"\A0B  =  4\pi  {e_\alpha}'2{e_\beta}‘2\lambda_{Xalpha\beta}n_\beta/ 
{m_\alpha}'2{v_\alpha}' 3  ,  Xqquad  x'XAOB  =  m_Xbeta  {v_\alpha}"2/ 

2kT_\beta ; $$ 

$$\psi(x) ={2\over\sqrt{Xpi}}  \int_0'x  \!dt\,  t‘{l/2}  e‘{-t};  Xquad  \psi’(x' 
=  {dXpsiXover  dx},$$ 

and  $\lambda_{\alpha\beta}  =  Xln  \Lambda_{\alpha\beta}$  is  the  Coulomb 
logarithm  (see  below).  Limiting  forms  of  $\nu_s$,  $\nu_\perp$  and 
$\nu_\parallel$  are  given  in  the  following  table.  All  the  expressions  she. 
XvfilXejectXend 
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COLLISIONS  AND  TRANSPORT 


Temperatures  are  in  eV;  the  corresponding  value  of  Boltzmann's  constant 
is  /,-  1.00  X  10  12  erg/eV;  masses  /x,  ft  are  in  units  of  the  proton  mass: 

=  Zn  e  is  the  charge  of  species  a.  All  other  units  are  cgs  except  where 
noted. 

Relaxation  Rates 

Rates  are  associated  with  four  relaxation  processes  arising  from  the  in¬ 
teraction  of  test  particles  (labeled  a)  streaming  with  velocity  v,,  through  a 
background  of  field  particles  (labeled  ft): 


slowing  down 

dv0 

(It. 

a  /  a 

Va 

transverse  diffusion 

d 

d7(Vn 

-  ,2  o/a  2 

-  V„  )x  = 

parallel  diffusion 

d 

-  n2  a/a  2 

-  vn  )|j  =  njj  -ii „ 

energy  loss 

(l  o 

Ttv‘r 

a /a  2 

--  -1',  t'a  . 

where  the  averages  .art1  performed  over  an  ensemble  of  test  particles  and  a 
Maxwellian  Held  particle  distribution.  The  exact  formulas  may  be  written19 


where 


v 


>/  ■*  _ 


/*/■<  _ 


(1  +  mn 

>  [(1  -  1/2 xn/3)il>{xn/:i)  +  7j/(xn/i) 
Ij’(x  )/x  J  n()  : 

( "'a  /  ;//a  )  i’(xn/i )  -  ij/(x''  f  '  ) 


/  < 


'  =  47tc„  “  c/Ari  a  "  a/m 


2  3 

a  : 


f>  /  a 

j:  =  III.  i  ll, , 


'/’( J' )  — 


and  A,,  <  —  In  A,,  <  is  the  Coulomb  logarithm  (sec  below).  Limiting  forms  of 
r  ■  !'  ;  and  1'n  are  given  in  the  following  table.  All  the  expressions  shown 
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\hoffset=1.0truein\voffset=1.0truein\hsize=6.Struem\vsize=9.0truein 
have  units  cm$ "3\ , $sec$ '  {-  1  }$  .  Test  particle  energy  $\epsilon$  and  field 
particle  temperature  $T$  are  both  in  eV ;  $\mu=m_i/m_p$  where  $m_p$  is  the 
proton  mass;  $Z$  is  ion  charge  state;  in  electron--electron  and  ion — ion 
encounters,  field  particle  quantities  are  distinguished  by  a  prime.  The  two 
expressions  given  below  for  each  rate  hold  for  very  slow  $(x"\A0B  \11  1)$  and 
very  fast  $(x*\A0B  \gg  l)$  test  particles,  respectively.  \msk 
*/.  \app  AND  \lra  ARE  BOTH  DEFINED  IN  PROLOG .  TEX 
\halign{\quad#\hf il  &#\hfil  &#\hfil  \cr 
&\hf il\undertext{Slow}  &\hf il\ur.dertext{Fast}  \cr 
\kern-lem  Electron-electron  \hidewidth  \cr 

$\displaystyle  \nu_s‘ {e/e ’ }/n_{e ' }Mambda_{ee ’ }$&$\app  S.8\times  10~{-6} 

T"  {-3/2}$&$Mra  7 . 7\times  10‘{-6}  \eps ilon" {-3/2}$\cr 
$\displaystyle  \nu_\perp‘{e/e ' }/n_{e ’ }\lambda_{ee  ’ }$&$\app  5.8\times  10‘{-6} 

T" {- l/2}\eps ilon* {- l}$ic$Mra  7.7\times  10~{-6}  \epsilon'{-3/2}$\cr 
$\displaystyle  \nu_\parallel ~{e/e'}/n_{e’ }\lambda_{ee ’ }$&$\app  2 . 9\ times 

10‘{-6}  T‘ {- l/2}\eps  ilon~  {- 1  }$&$Mra  3.9\times  10 ‘ {-6}T\eps ilon' {-5/2}$' cr 
\noal ign{\smallskip  Electron--ion  \smallskip} 

$\displaystyle  \nu_s * {e/i}/n_ lZ ‘2\lambda_{e i}$&$\app  0.23  \mu*{3/2}T‘{-3/2}$ 
St$Mra  3.9\times  10 ' {-6}\epsilon ‘ {-3/2}$  \cr 
$\display style  \nu_\perp‘{e/i}/r._ iZ"2\lambda_{ei}$&$\app  2 . 5  \times  10"{-4} 
\mu'{l/2}T'{-l/2}\epsilon"{-l}$&$Mra  7.7\times  10~{-6}\epsilon'{-3/2}$  \cr 
$\displ ay style  \nu_\parallel"{e/i}/n_iZ‘2\lambda_{ei}$S;$\app  1 . 2 
\ times  10*{-4}\mu‘ {1/2}T"{- l/2}\epsilon'{-l }$&$Mra  2.  lXtimes 
10‘{-9}\mu*{- l}T\eps ilon" {-5/2}$  \cr 
\noalign{\smallskip  Ion--electron  Xsmallskip} 

$\displaystyle  \nu_s ‘ { i/e}/n_eZ ‘ 2\lambda_{ ie}$&$\app  1.6  \times  10"{-9}Xmu'{- l'k 
T"  {-3/2}$ii$Mra  1.7\times  1 0 * {-4}\mu" { 1 /2}\eps ilon' {-3/2}$  \cr 
$\di splay style  \nu_\perp‘ {i/e}/n_eZ‘2\lambda_{ie}$i:$\app  3 . 2 
\t imes  10'{-9}\mu'{- 1}T '{-l/2}\epsilon'{-l}$&$Mra 
1.8\times  10'{-7}\mu‘{-l/2}\epsilor.‘{-3/2}$  \cr 
$\d isplay st y  1  e  \nu_X parnl  1  <■  1  '  {  :  'e}  n_ -Z  ‘ 2'  1  ambda _{ l e}$fc$\app  1.6 
\times  10*{-9}\rau*{-  1  }T  •.  1  2}'  epsi  1  :n  '  {-  1  }$4"$ - Ira 
1 .7\t  irr.es  10'  {-4}\m:: '  {  :  2}T'. epr. 1 1  on '  { - 5/2}$  \cr 
:ol  i?n{\smal  1  skip  I  on —  : or.  .r.m.al  1  sk  i  p} 

$\displaystyle  {\nu_s‘{i/i  ’  }  n_{  l  '  }Z  '  2Z  ’  '  ?'  1  nnbt!n_{  i  l  ’  }}$  5: 

$\app  6.8\times  10‘  i-8}{  r;s '  ‘  { 1  2}'  -.v«r'  mu} 

'  I  '■!'  t  (  1  +{\mu  ’  '.over'  mu) \r  i  f.1.  t  ;  T  ‘  { -  3  2}$  h  i  :  d  T  !:  r  'bs{0.5»’x} 

H!\lrn  9. 0\t  irr.es  10*{-8>  ■  1.  *  -  f  t. '  i  !  ’  v.--r  *  {1  'v«r  \mu  '  }  i  ;rh*  1  1 

{\mu'{l/2}  '.over  \eps  lie  9;”  {3  2}}f  ■  -:i 
$  ,d  l  splay  s  t  yle  {\nu_ \perp  {  I  / 1/*  }  '  :v«r  n_{  •.  1  }Z  ‘  27.  ’  "  2  1  arhda_{  l ‘  }}$ 

«$\.ipp  1 ,4V  tires  10*{-7>  2}  '  r-:‘{  •  1}  T  '  { - 1  2} 

\  h  p  1 1  o  n  *  \  -  1  /  $  \  h  i  d  f-  u’  i  d  *  It  c  r  b  ■  {  .  ,t:  x  •* 

*  k  t  \  Ira  1  .  SVtir.oc  10  rti  ‘  *f  -  1  ■?.}'  *>pr. :  l^n  '  *-?  ■?}$  '  v 

$  1  dispin;, ’Style  {'•  nu_'- ratal  I  i  '  •  -  v»r  r._{  i  1  }Z ‘ 2Z  ’  ' 2  1  ambda _{ 1 1  '  } ’•  i 

?'$'■.  app  6. Sitings  iV{-",-  :■  u  1  '  {  1  '  2  r  ■  r,u '  {  -  1  H'  {  - 1  2  r 

e ps  i  1  o !’.'{-;} $  1  h :  1  e •  • ;  ; •  • .  ;  ,  1 

&?■$■■■  Ira  9. O'. times  lV-f-3}  ru  •'  :  '/  "•  :•  a  '  •'  }T  -  epr  1 1  ■  u  '  {  -5 ' 2}$  \  c  r  }  r  .  k 

Ir.  the  rare  limit:;,  •  ":;orr;  transfer  rate  foil  a  vs  fr~m  the  identity 

$  tv  r.u_’'  eps  i  lor.  =  2'  r.u.s  -  '  r.  ' -perp  -  'nu_  parallel  ,  $$ 

t.  lor  t  h*  c  1 3  ^  ■  f  f ,  :  t,  •:  *  r  :  n  r  -r  fant  i  *•  r.  r>  r  •'  n  *  t.  hv  i—r. ",  v;  h 

th^*  1  ^ a -d i r. ?  t  ^rirr.  cni:;el.  the  a p p r •-» rr  i-it  ^  fr^jrr.  a r*=* 

$  t  '•  •* q a  1  :  ^ n  {  -  n u  e p r>  1 1  ■  ■  n  '  {  r-  i  V  \  r< n prip h.  t  a  i  r o w  A  .2  1. 1  r*>r.  1 0  '  {  - 0 } n  _  i  Z  ~  2 

i  rid  '.t  _  i  }  ,  r  &  •.  ]  f  f  t  f  t  ;  r.  ~  -  ?  •••  2  \  r";i  ■{  *  1  }■  ••  r  .  a  t  iri^P  10*4  (  \nu  )  *  **•  1  2- 

-  **  y  z  1 1  n  *  I  -  1 }  2  exp  »  —  1  -  *-pa  t  7)  ri^ht]'  ,  {  •  :  r  :t  }  *  {  -  1  }  \ci}tt 

v  f  :  1  '■  *  ]  *r  t  d 
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have  units  cm3  sec-1.  Test  particle  energy  f.  and  field  particle  temperature  T 
are  both  in  eV;  //,  =  nii/mp  where  mp  is  the  proton  mass;  Z  is  ion  charge 
state:  in  electron  electron  and  ion  ion  encounters,  field  particle  quantities  are 
distinguished  by  a  prime.  The  two  expressions  given  below  for  each  rate  hold 
for  very  slow  (za  ^ <C  1)  and  very  fast  (xa  ^ l3  1)  test  particles,  respectively. 

Slow  Fast 

Electron  -electron 

lne'\ee,  %  5.8  X  10-GT-3/2  — ♦  7.7  X  10-Ge-3/2 

/ n c /  Ace/  «  5.8  x  10-GT-1/2e-1  — *  7.7  x  10-Gs-3/2 


c  /f  '  /  . 

"||  /ne'X( 

Electron  ion 


2.9  X  10-GT_1/2e"1 


3/2rr-3/2 


7.7  X  10  e  '  “ 
7.7  x  10-G,-3/2 
3.9  x  10 ~6Tf~3/2 


vj  fmZ- ACi  «  0.23 fi  '-T 
/niZ2 Xei  %  2.5  x  10-4 


2.5  x  10-4/i,1/2T-1/2e-1 


tz/i  /niZ2Xci  «  1.2  X  10-4/i1/2T-1/2e-1 


— *  3.9  X  10-Ce-3/2 
— *  7.7  x  10-G,-3/2 
— *  2.1  X  10-9/i-17T-3/: 


Ion  electron 


i//f  /n(  Z* Xie  «  1.6  x  10-9/i-1T-3/2  — ♦  1.7  x  IQ""* il1'- r*'- 

u‘1'  / nf  Z2Xie  «  3.2  x  10-£V-1T-1/2e-1  — *  1.8  x  10~>~ 1/2 f~2/2 

i//'  /n(  Z2Xic  «  l.G  X  10-9/i-1T-1/2e-1  — *  1.7  x  10~  V/2  7V"5/2 


-0  —  1  rr,—  1  /  2  -1 

IL  T  '  e. 


1.7  X  l()-V'2e-3/= 

1.8  X  10 -V1/2«~3/2 


Ion  ion 


«.;/Z2Z'2  A; 


G.8  x  10' 


i  —  3/2 


9.0  x  10' 


/i.  ///  y  e3/2 


n;,Z2Z'2  A-,-/ 


Z2Z'2X, 


1  ^  in-7  '1/2  -lm-1/2  -1 

1.4  X  10  /i  '  //,  T  f 


1.8  X  10  ‘  /t 


-7  -1/2  -3/2 

u  e 


G.8  x  10“®/t,1/2/i“lT 


,-1/2  -1 
'  f 


9.0  x  10-8/< 1  /  2///~ 1  7V- 5/2 


In  the  same  limits,  the  energy  transfer  rate  follows  from  the  identity 

//f  =  2//.s  -  -  "||- 

except  for  the  case  of  fast  electrons  or  fast  ions  scattered  by  ions,  where  the 
leading  terms  cancel.  Then  the  appropriate  forms  are 

v’J'  - ♦  4.2  X  10-9u,Z2A,  , 


.-3/2  -1 


-  8.9  X  10  4(;i/T)1/2f-1  exp(  —  183G//  f/T) 
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and 

$$\eqalign{\nu_\epsilon'{i/i  ’ }  \longr lghtarrow  1.8  S:\times  10~{-7}  n_{i’}  Z'2 
Z’~2  \lambda_{ii ’ }  \cr  &\left[  Xeps lion' {-3/2}\mu~ { l/2}/\mu ’  -  l.l(\mu’/T) 
'{1/2}  \epsilon'{-l>  \exp (-\mu * \eps ilon/T) \r ight] \ , {\rm  sec} " {- 1 > . Xcr}$$ 

In  general,  the  energy  transfer  rate  $\nu_\epsilon‘XAOB$  is  positive  for 
$\epsilon>\epsilon_\alpha\hbox{*}$  and  negative  for  $\eps ilon<Xeps ilon_\alpha 
\hbox{*}$  , 

where  $x\hbox{*}  =  (m_\beta/m_\alpha)  \epsilon_\alpha\hbox{*}/T_\beta$  is  the 
solution  of  $\psi' (x\hbox{* } ) = (m_\alpha/m_\beta) Xps l (xXhbox{*} ) $ .  The  ratio 
$\epsilon_\alpha\hbox{*}/T_\beta$  is  given  for  a  number  of  specific  $\alpha$, 
3\beta$  in  the  following  table: 

V.  BEGINNING  GF  TABLE 

$$\vbox{\off interlineskip  Xdef Xquad{\hskipO . 6em\relax}  \hrule  \halign{ 

V.  \quad  IS  REDEFINED  TO  ADJUST  SPACING. 

&\vrule#  S:\strut\quad\hf il#\hf il\quad  &\vrule#  &\quad\hf il#Xhf ilXquad 

&\hf il#\hf ilXquad  &\hf il#\hf ilXquad  &\hf il»\hf ilXquad  &\hfil#\hfil  &\hfil»\hfil 

Xquad  \cr 

height2pt&\om I \om&\om&\om£t\omSr\om&\om&\cr 
&$\ A0B$  I $i/e$  &$e/e$,  $i/i$  ft$e/p$  &$e/$D  &$e/$T,  $e/$He$‘3$  &$e/$He$'4$  4\cr 
height2pt&\om  I  \om&\omS:\omS:\omS!\om&XomSr\cr 
\noalign{\hrule> 

height2ptSc\om I Xom&Xom&Xom&Xom&Xom&Xom&Xcr 
&$\displaystyle  {\epsilon_\alpha\hbox{*}\over 

T_\beta}$  I  $  1 . 5  $  &$0.98$  &$4.8\times  10'{-3}$  &  $2.6\times 
10"{-3}$  &$ 1 . 8\times  10'{-3}$  &\quad$l . 4\times  10‘{-3}$  &Xcr 
height2pt&\om I \omlc\om&\om&\om&\om&\on&\cr 
\noalign{\hrule}}}$$ 

Xindent 

When  both  species  are  neai  Maxwellian,  with  $T_i  Xapproxlt  T_e$,  there  are 
just  two  characteristic  collision  rates.  For  SZ  =  1$, 

i$\eqalign{\ru_e&=2 . 9 \ tines  10‘{-6}n\lambda{T_e}*{-3/2}\ ,  {Xrm  sec}*{-l> ; Xcr 
ift  =  4 . 8\t  imes  10‘{-S}n\lambda{T_i}‘{-3/2}\mu‘{-l/2}\  ,  {Xrm  sec}'{-l}.\cr}$$ 
Xsaiallskip 

f  headfont  Temperature  Isotropization} 

>  n.-allskipXindent 
Isotropization  is  described  by 

$J{dT_\perp  Xover  dt}  =  -  {1  Xover  2}  {dT_\parallel  Xover  dt}  =  -\nu_T"\alpha 
(T_\perp  -  T_\parallel) , $$ 

where,  if  $A  Xequiv  T_\perp/T_Xparal 1  el  -  I  >0$, 

S$Xnu_T '{alpha  =  {2\sqrt{\pi}{e_Xalpha} '2{e_Xbeta}'2n_\alpha\lambda_{\alpha 
Xbeta}  Xover  {m_\alpha} ' { 1 /2}  ( kT_\parall el ) ' {3/2}}  A '  {-2}\lef t [-3  +  (A  +  3) 
{{Xtan}'{-1}  (A'{l/2})  Xover  A ' { 1 /2}}Xr ight]  .$$ 

If  $A  <  0$,  $\tan‘{-l}(A‘{l/2})/A'{l/2}$  is  replaced  by  $\t.anh‘{-l} 

(-A) *{l/2}/(-A)-{l/2}$ . 

For  $T_Xperp  Xapprox  T_\parallel  Xequiv  T$ , 

t IX eqal ign{\nu_T‘ e  ft=  8.2\times  10“ { -7}n\lambda  T ' {-3/2}\ , {Xrm  sec}‘{-l}  ;  Xcr 
Xr.oal  ign{\srr. allskip} 

\nu_T'  i  4  =  1. 9Xtmen  1 0 "{ -3}n' lambda  7'2\ru‘ {- 1/2}  T'{-3/2}\ , {Xrm  sec}'{-!}  . 
\cr}$$ 

.vf  i  l\ej ectXend 
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In  general,  the  energy  transfer  rate  ;A*  / ,j  is  positive  for  f.  >  en  *  and  nega¬ 
tive  for  f.  <  ea*.  where  x*  =  (m,.} /rna)ea* /Tj  is  the  solution  of  i})' (x*)  = 
( m(> /riij  The  ratio  fn*/Tj  is  given  for  a  number  of  specific  ce.  [3  in  the 

following  table: 


When  both  species  are  near  Maxwellian,  with  T,  <  Tc.  there  arc  just 
two  characteristic  collision  rates.  For  Z  —  1. 

ve  =  2.9  x  10-CnATf  "3/2  sec-1; 

Vi  =  4.8  x  10-8n.ATi  “3/,2/r-1//2  sec-1 . 


Temperature  Isotropizat ion 

Isotropization  is  described  l)y 


(IT  i 


1  dTu 


dt  2  dt. 

win  re.  if  A  ~  Tj_/Tj|  —  1  >  0. 


=  ~  7||). 
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If  A  <  0.  tan  -  1  (  A1/2  )/ A 1  /2  is  replaced  by  t.anli “ 1  (  —  A )1/2 /(  -  A  ) 1  /2  .  F 
7h  %  7ji  =  T. 
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\smallskip  {\headfont  Thermal  Equilibration}  \smallskip\indent 
If  the  components  of  a  plasma  have  different  temperatures,  but  no  relative 
drift,  equilibration  is  described  by 

$${dT_\alpha  \over  dt}  =  \sum_\beta  \bar  \nu_\eps lion' \ AOB (T_\bet a  - 
T_\alpha) , $$ 
where 

$$\bar  \nu_\epsilon"\AOB=l . 8\times  10~{-19}{ (m_\alpha  m_\beta) ‘ {l/2}{Z_\alpha^ ' 
{Z_\beta}~2n_\beta\lambda_{\alpha\beta}\over (m_\alpha  T_\beta  + 
m_\beta  T_\alpha) * {3/2}}\ , {\rm  sec}~{-l}.$$ 

For  electrons  and  ions  with  $T_e  \approx  T_i  \equiv  TS,  this  implies 
$$\bar  \nu_\epsilon~{e/i}/n_i=\bar  \nu_\epsilon‘{i/e}./n_e  =  3 . 2\times 
Z~2\lambda/\mu  T~{3/2}  {\rm  cm}~3\,{\rm  sec}"{-l}.$$ 

\smallskip  {\headfont  Coulomb  Logarithm} 

\smallskip\ indent 

For  test  particles  of  mass  $m_\alpha$  and  charge  $e_\alpha=Z_\alpha  e$ 
scattering  off  field  particles  of  mass  $m_\beta$  and  charge  $e_\beta  =  Z_\beta 
e$ ,  the  Coulomb  logarithm  is  defined  as  $\lambda  =  \ln\Lambda  \equiv  \ln(r_{  rm 
max}  /r_{\rm  min})$.  Here  $r_{\rm  min}$  is  the  larger  of  $e_\alpha 
e_\beta/m_{\alpha\beta}  \bar  u‘2$  and  $\hbar/2  m_{\alpha\beta}\bar  u$ , 
averaged  over  both  particle  velocity  distributions,  where 

$m_{\alpha\beta}=m_\alpha  m_\beta/(m_\alpha  +  m_\beta)$  and  S{\bf  u}  =  {'hi 
v}_\alpha  -  {\bf  v}_\beta$;  $\,r_{\rm  max}  =  (4  \pi  \sum  n_\gamma  {e_\gam::,a} "  2 
/kT_\gamma)  * {- 1/2}$ ,  where  the  summation  extends  over  all  species  $\gamma$  f.-.r 
which  $\bar  u*2  <  {v_{T\gamma}} "2  =  kT_\gamma/m_\gamma$ .  If  this  inequality 
cannot  be  satisfied,  or  if  either  $\bar  u  {\omega_{c\alpha}}"{-l}<r_{\rm  max}$ 
or  $\bar  u{\omega_{c\beta}} " {- l}<r_{\rm  max}S ,  the  theory  breaks  down. 

Typically  $\lambda  \approx$  10--20.  Corrections  to  the  transport  coefficients 
are  $0 (\lambda* {- 1 } ) $ ;  hence  the  theory  is  good  only  to  $\sim  10\'/,$  and  fails 
when  $\lambda  \sim  1$. 

\ indent 

The  following  cases  are  of  particular  interest: 

Xsmallskip 

(a)  Thermal  electron--electron  collisions 
$$\vbox{\halign{\hf il#  &#\hf il\qquad  &#\hfil\cr 

$ \d isplaystyle  \lambda_{ee}$&$\display style  =  23-\ln({n_e}*{l/2}{T_e}‘{-3.'2})$  , 
'.•■displaystyle  T_e  \approxlt  10\,{\rm  e’/}$;  \cr 
\noal ign{\ small skip} 

&T\displaystyle  =  24  -  \ln ( {n_e} ' { 1 /2}{T_e} ‘ {- 1 } ) $  , 

4‘i,  displaystyle  T_e  \approxgt  10\,{\rm  eV}$.  \cr}}$$ 

(b)  El ectron-- i on  collisions 

li\vbox{\halign{\hfil#  &#\hf il\quad  £S\hf il\cr 

displaystyle  \lambda_{ei}  =  \lambda_{  ie}$  £$\displaystyle  =  23-\ln\ lef  t.  ( in _  e"1' 
' { 1 /2}ZT.  e'{-3/2}\right)$ ,£$\d isplaystyle  T_im_e/m_i<T_e<10Z“2\,{\rm  eV}$ ;  '■  cr 
v n  oal ign{\smal 1 sk ip} 

1  displaystyle  \ph{\lambda_{ei}  =  \lambda_{ie}}$  ■£$ 'displaystyle  =  24  -  In. 

•  left({n_e}‘{l/2}  T_e‘{-1}  \r ight)$ ,  4$\di splay style  T_i  m_e/m_i  <  1C  Z"2  ,{  :n 
e’’}  <  T_e$  \cr  \noal ign{\smal lsk ip} 

5  Iisplaystyle  \ph{\lambda_{ei}  =  \lambda_ { ie}}$  fc$\displayst.yle  =  30  - 
'  :i  '•  left  (  {n_  l }  ‘  {  ! /2}{T_  i } "  {-3/2}  Z"2  \right)$  , 

'<  !  d  i s play st y  1  e  T_e  <  T_i  Zsi.e/m_i$  .  \cr}}$$ 

"f  •  1  '■  e  j  ec  t \er.d 


Thermal  Equilibration 

If  the  components  of  a  plasma  have  different-  temperatures,  but  no  rela¬ 
tive  drift,  equilibration  is  described  by 


dTa 

dt 


Y  r/‘/J(r,  -  rn). 
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here 


u/f3  =  1.8  X  10 


-19  (mn  »m)1/2  zn2  Z32n.iX, 
(mjj  +  m.]Tn  )3/2 

For  electrons  and  ions  with  Te  ~  T,  =  T.  this  implies 
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Coulomb  Logarithm 

For  test  particles  of  mass  ma  and  charge  en  =  Za  e  scattering  off  field 
particles  of  mass  m.-j  and  charge  ej  =  Zjc.  the  Coulomb  logarithm  is  defined 

as  A  =  In  A  =  In ( 1'iuax/ ''min  )•  Here  rmin  is  the  larger  of  eQ  e  j/mtl  j  a2  and 
h/2 inry  ,$u,  averaged  over  both  particle  velocity  distributions,  where  mn  . ,  — 

"i-n  m.i/(ma  +  m3)  and  u  =  va  -vj:  rmnx  =  (47T  n ^  ey2/kT-  )~1/2.  where 
the  summation  extends  over  all  species  7  for  which  u~  <  vt~,2  =  kT-/m-.  If 
this  inequality  cannot  be  satisfied,  or  if  either  fuoccy  ~ 1  <  /•„ inx  or  uu>r.i~l  < 
rlu.,x.  the  theory  breaks  clown.  Typically  A  «  10-  20.  Corrections  to  the  trans¬ 
port  coefficients  are  0(A-1):  hence  the  theory  is  good  only  to  ~  10%  and  fails 
when  A  ~  1. 

The*  following  cases  are  of  particular  interest: 

(a)  'Thermal  electron  electron  collisions 
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lb)  Fleet ron  ion  collisions 
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(c)  Mixed  ion— ion  collisions 

$$\lambda_{i i 1  }  =  \lambda_{i ' i}  =  23  -  \ln  \left[  {ZZ'(\mu  +  \mu ' )  \over 
T_{i'}  +  \mu ’  T_i}  \left(  {n_i  Z‘2  \over  T_i}  +  {n_{i’}  {Z'}‘2  \over 
T_{i*}}  \right) ‘{1/2}  \right].$$ 

(d)  Counterstreaming  ions  (relative  velocity  $v_D  =  \beta_D  c$)  in  the  pr 
of  warm  electrons,  $kT_i/m_i,  kT_{i ' }/m_{i ' }  <  { v_D}~2  <  kT_e/m_e  $ 
$$\lambda_{ii ’}  =  \lambda_{ i ' 1}  =  35  -  \ln\left[  {ZZ’(\mu  +  \mu  ’ )  \over 

\mu\mu ’ {\beta_D}*2}  \left({n_e  \over  T_e}  \r ight ) ‘{1 /2}  \right].$$ 
\smallskip 

{'headfont  Fokker-Planck  Equation} 

'  r.mallsk  ip 

fj{2 f ‘ \alpha\over  Dt}\equiv{\partial  f ‘ \alpha\over\par t ml  t}+{\bf 
v}\cdot\nabla  f‘\alpha  +  {\bf  F}\cdot\nabla_{\bf  v}f*\alpha 
=  \lef t ( {\par t lal  f ‘\alpha\over\partial  t}\r ight ) _{\rm  coll},C$ 
where  {'bf  F}  is  an  external  force  field.  The  general  form  of  the  collis 
integral  is  $(\partial  f ‘ \alpha/\par t lal  t)_{\rm 
till}  =  -\sum_\beta\nabla_{\bf  v}\cdot{\bf  J}*\ACB$,  with 
i l\ eqal ign{{\bf  J}*\A0B  =  2\pi\lambda_{\alpha\beta}{{e.\alpha} *2{e_' beta j 
m_\alpha}\int  4d‘3\ ! v ' (u‘2\hbox{\tf  1}  -  {\bf  uu})u'{-3}  \cr  fcXcdot  \left 
m_\beta}f ‘\alpha({\bf  v} ) \nabla_{\bf  v ’ }f ‘ \beta({\bf  v’})-{l\over 
m_\alpha}f ‘\beta({\bf  v ’ } ) \nabla_{\bf  v}f ‘ \alpha ({\bf  v})\nght\}  \cr}$$ 
(Landau  form)  where  ${\bf  u  =  v’-v}$  and  \hbox{\tf  1}  is  the  unit  dyad,  c 
alternatively , 

$${\bf  J}*\A0B  =  4\pi\lambda_{\alpha\betaH{e_\alpha} ' 2{e_\beta} ' 2\over 
{m_\alpha}"2}\lef t\{f '\alpha({\bf  v})\nabla_{\bf  v}H({\bf  v})- 
{l\over2}\nabla_{\bf  v}\cdot\lef t  [  f *\alpha({\bf  v}) 

\nabla_{\bf  v}\nabla_{\bf  v}G({\bf  v})\right]  \nght\},$$ 
where  the  Rosenbluth  potentials  are 
$$G({\bf  v})=\mt  f  *\beta({\bf  v  ’  }  )ud‘  3\  1  v  ’  $$ 

$$H({\bf  v}  )  =  \lef  t  (  1  +  {n_\alpha\o ver  m.Xbeta}  \right)\mt  f‘\beta({\bf  v’ 
u ‘ { - 1 } d ‘ 3 \ ! v ’ .$$ 
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(c)  Mixed  ion-ion  collisions 
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(d)  Counterstreaming  ions  (relative  velocity  vo  —  ft D c )  in  the  presence  of 
warm  electrons.  kT,  / ■/?? ,• .  AtTp  / ra,-/  <.  vd~  <  k,Tc  /-mc 
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Fokker-Planck  Equation 
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where  F  is  an  external  force  field.  The  general  form  of  the  collision  integral  is 
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Landau  form)  where  u  =  v/  —  v  .and  /  is  the  unit  dyad,  or  alt*  rn. .lively. 
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■re  the  Rosenlduth  potentials  are 
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If  species  $\alpha$  is  a  weak  beam  (number  and  energy  density  small  c. 
with  background)  streaming  through  a  Maxwellian  plasma,  then 
$${\bf  J}"\A0B  =  -\nu_s "\A0B{\bf  v}f\alpha  - 

{l\over2}  \nu_\perp“\AOB  v ' 2\nabl a_{\bf  v}f'\alpha  + 
{l\over2}(\nu_\perp‘\A0B  -  \nu_\parallel's  AC!B;{  '  bf  vv>'  cdc  t '  r.iH  a. 
{\bf  v}f ‘\alpha . $$ 

\smallskip 

{\headfont  B-G-K  Collision  Cpei at  or  > 

\  steal  lsk  ip  \  indent 

For  distribution  functions  with  r.  large  gradients  :r.  v-l  s:  t  , 

Fokker-Planck  collision  terms  can  be  aps:  xirated  a  -r  -  rdm?  ' 
$${Df_e\over  Dt}  =  \nu_{ee}  (  F_e- f  _e  ;  ♦  r.  i_  {  e  ;  '•  bar  F_e  -  f.e  .  ,tt 
$${Df_i\over  Dt}  =  \nu_{  ie}  (  ,bar  F_i-f.i)  *  r.u_{  1 1}  (  r  _  1  f  _ :  ,  !t 

The  respective  slowing-down  rates  $  r.u.s  ‘ '  A23$  rives,  m  'be  F  “  1  a  x  a  '  : 
section  above  can  be  used  for  '$  r.u_{  alpha  beta'-p,  assurinr  ?1  w  .  r  ~ 
electrons,  with  $  epsilon!  replaced  bv  IT.  a',  p's  at  Ft  t  •  e«'-t  a 
$ \ p, u  {11}$,  o r. e  cat  e  a  u  a  1 1  v  well  use  f  s.  ,  :  1  :  t  ,  a :  i  *  s  -  -  e  -  ■ ;  1  *  : 

!F_  alpha!  and  $  •  bar  F_  alpha!  are  rives.  ‘  •• 


alpha  =  n_  alpha  left'--  alp:  a  "...  •  •  f-  rlr.;-- 


If  species  o  is  ;i  weak  beam  (number  and  energy  density  small  compared  with 
background)  streaming  through  a  Maxwellian  plasma,  then 
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li-CJ-K  Collision  Operator 

fur  distribution  functions  with  no  large  gradients  in  velocity  space,  the 
Kwkkei  I’l.ini  k  collision  terms  can  be  approximated  according  to 
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\hof f set  =  l . OtrueinXvof f  set  =  l . 0truein\hsize  =  6 . 5truein\vsize=9.0truein 
$${3\over  2}n_\alpha  {d'Xalpha  kT_\alpha  \over  dt}  +  p_\alpha  \nabla 
\cdot  \,{\bf  v}_\alpha  =  -\nabla  \cdot  \,{\bf  q}_\alpha  -  \hbox{\tf 
P}_\alpha : \nabla  {\bf  v}_\alpha  +  Q_\alpha.$$ 

Here  $d~\alpha/dt  \equiv  \part ial/\part ial  t  +  {\bf  v}_\alpha\cdot\nabla$ ; 

$\>  p_\alpha=n_\alpha  kT_\alpha$ ,  where  $k$  is  Boltzmann’s  constant;  ${\bf 
R}_\alpha  =  \sum_\beta{\bf  R}_{\alpha\beta}$  and  $Q_\alpha  =  \sum_\beta 
Q_{\alpha\beta}$ ,  where  ${\bf  R}_{\alpha\beta}$  and  $Q_{\alpha\beta}$  are 
respectively  the  momentum  and  energy  gained  by  the  $\alpha{\rm  th}$  species 
through  collisions  with  the  $\beta{\rm  th}$ ; $\ , \hbox{\tf  P}_\alpha$  is  the 
stress  tensor;  and  ${\bf  q}_\alpha$  is  the  heat  flow. 

\indent 

The  transport  coefficients  in  a  simple  two-component  plasma  (electrons  and 
singly  charged  ions)  are  tabulated  below.  Here  $\parallel$  and  $\perp$  refer 
to  the  direction  of  the  magnetic  field  ${\bf  B}  =  {\bf  b}B$;  $\>{\bf  u}  =  {\bf 
v}_e  -  {\bf  v}_i$  is  the  relative  streaming  velocity;  $n_e  =  n_i  \equiv  n$ ; 
$\>  {\bf  j}  =  -  ne{\bf  u}$  is  the  current;  $\omega_{ce}  =  1.76  \times  10*7 
B\ , $sec$" {- 1 }$  and  $\omega_{:.i}=(m_e/m_i)\omega_{ce}$  are  the  electron  and  ion 
gyrof requencies ,  respectively ;  and  the  basic  collisional  times  are  taken  tc  be 
$$\tau_e={3\sqrt{m_e} (kT_e) ‘ {3/2}  \over  4\sqrt{2\pi}\ , n\lambda  e‘4}=3.44  \time 
10*5  {{T_e}‘{3/2}  \over  n\lambda}\ , {\rm  sec},$$ 
where  $\lambda$  is  the  Coulomb  logarithm,  and 

$$\ tau_i={3\sqrt{m_i> (kT_i) * {3/2}  \over  4\sqrt{\pi}n\ , \lambda  e‘4}=2.09  \times 
10*7  {{T_i} *{3/2}  \over  n\lambda}\mu "{l/2}\ , {\rm  sec}.$$ 

In  the  limit  of  large  fields  $ ( \omega_{c\al pha}\tau_\alpha  \gg  1,  \>\alpha  =  l 
e)$  the  transport  processes  may  be  summarized  as  f ol lows  :  $ ‘ {2 1 }$ 

\ small skip  \def \quid{\hskipO , 75em\relax} 

\hal ign{\quad#\hf il\quad  &$\displaystyle  #$\hfil  &$\displaystyle  #$\hfil  \cr 
momentum  transfer  &\R_{ei}  4=  -\R_{ie}  \equiv  \R  =  \R_{\bf  u}  +  \R_T ;  \cr 
\noal ign{\ small sk  ip} 

frictional  force  £-\R_-f\bf  u}  !i=  ne({\bf  j  }_\parall  el  As  igma_\par  all  el  + 

{\bf  j }_\perp/\s igma_\per  p)  ;  \c.r  \noal ign{\smallsk ip} 
electrical  S:\sigma_\parallel  k-  2 .0\sigma.\perp  =  2 . 0{ne‘2\tau_e  \over  m_e};'-c 
' hs{5pt)  conductivities  \cr  \noal ign{\smallsk ip} 
thermal  force  S\R_T  k-  -0 . 71n\nabla_\parallel  (kT_e)  -  {3n  \over  2 

omega_{c e}\ tau_e}{ \bf  b}\t imes\nabla_\perp  (kT_e) ;  \cr  \noalign{\smallsk ip} 
10!:  heating  &Q_i  &={3m_e\over  m_  lMnk'over  \tau_e} (T_e-T_ i ) ;  \cr 
\noal ign{\smal lskip} 

electron  heating  &Q_e  k-  -Q_i  R\cdot{\bf  u} ;  \cr  \noal ign{\sraall sk i p} 
ion  heat  flux  ft{\bf  q}_i  ft=-\kappa_\parallel  ‘  i\r.abla_\paral  lei  (k.T_i) 

-  1  kapra pern' l \nabln_'' per p  (fcT_i)  *  \kappa_ \vedge  *  i{\bf  b}\t  lines 
i.abl  a_ 'per  p  (k.T_i);  \cr  noal  ign{\smal  1  sk  ip} 
ion  thermal  &'  kappa  _\p.aral  1  el '  i  k-  3 . 9{nkT_i\t  .au_i  \over  m_i  r ;  'quid 
' kappa_' perp ‘ l  =  {2nk.T_i  \over  m_i\omega_{ci}‘{\ph{l}2}  \tau_i> ,  'quid 
\kappa_\wedge * i  =  {SnkT_i  '.over  2m_i\omega_{ci}}  ;  \cr 
Nbr.lfipt}  conductivities  \cr  \noalign{' small  skip} 
electron  heat  flux  ?  {'•  bf  o}_e  4  =  {'bf  q}_{\bf  u}'e  +  {\bf  q}_T‘ e ;  '  rr 
noal ign{ \ small  ski p} 

frictional  heat  flux  4{\bf  q}_{\bf  u}'e  k-  0 . 71nkT_e{\bf  ul.'p.aral  1  el  + 
{3nkT_e\cver  2',or<'-g-.a_{r.e}\tau_e}{\bf  b}\times{\hf  u}_Nperp;  \cr} 


-w« - — - 1-  pa  V  •  va  =  -V  •  qa  -  Pn  :  Vv„  +  Qri  . 

Hero  d"  /  dt.  =  d/dt-\-vn  ■  V;  pn  ---  nnk.Tn.  where  k  is  Boltzmann's  constant: 
R.  =  7:  ,  Rn .)  and  Qn  —  ^  where  R0  j  and  are  respectively 

the  momentum  and  energy  gained  by  the  ortli  species  through  collisions  \vdih 
the  /fth:  Ply  is  the  stress  tensor;  and  q0  is  the  heat  flow. 

The  transport  coefficients  in  a  simple  two-component,  plasma  (electrons 
and  singly  charged  ions)  are  tabulated  below.  Here  ||  and  _L  refer  to  the  di¬ 
rection  of  the  magnetic  field  B  =  b D:  u  =  vf  —  v;  is  the  relative  streaming 
velocity:  n,  —  n,  =  n;  j  =  -ncu  is  the  current:  u>r<  =  1.7G  X  10'  D  sec-1  and 
j.',-;  =  (in,  /ni;  )u>C(  are  the  electron  and  ion  gyrofrequencies.  respectively:  and 
the  basic  collisional  times  are  taken  to  be 
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In  the  limit  of  large  fields  (uv.>  r„  1.  o  =  i.  e)  the  transport 
be  summarized  as  follows:-1 
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\halign{\quad#\hf il\quad  &$\displaystyle  S$\hfil  4$\displaystyle  #$\hfil 
\noalign{\ssk} 

thermal  gradient  &o\bf  q}_T‘e  &=-\kappa_\parallel‘e\nabla_\parallel 

(kT_e)  -  \kappa_\perp'e\nabla_\perp  (kT_e)  -  \kappa_\vedge'e{' bf  b}'ti" 
\nabla_\perp  (kT_e) ;  \cr 
\bs{l.5pt}  heat  flux  \cr  \noalign{\ssk} 
electron  thermal  S:\kappa_\parallel"  e  4=3 . 2{nkT_e\tau_e  '.over  m_e};  quid 
\kappa_\perp~e  =  4.7{nkT_e  \over  m_e\omega_{ce}  ph{  1  }2}'  t  an  _e.-  ;  q:. 

\kappa_\wedge * e  =  {5nkT_e  \over  2m_e\omega_{ce}} ;  \cr 
\bs{6pt}  conductivities  \cr  i r.oal ign{'  ssk.} 
stress  tensor  (both  &P_{xx}  fc  =  -{\eta_C  \over  2}  (V_  {x  x  }♦'•'■(  yy)  )- {  eta.*. 

( {xx}-V_{y y } ) -\ eta_3V_ {xy  ^  ;  '  -r  '-bs{4 . 5pt> 
species)  \cr  \noal  i  gr.{N  ssk } 

P  -  { ”  y  >  4  =  -  { \  e  t  a  _  C  ever  2  '>!"_{  xx'r  yy'r  ■■  - 

( v_{x.'  '--V_{yy})  +  '  eta_?v_-i  xy>  ,  c:  :  -a  1  sk- 

v?  {x.y}  t-  P  _  { y  x  >  -  -  s*  _  v  v  v  •  v  •  xx  •  . 
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H  ,,  e  ,  j  it  i  ;  n  /  -  ( 1 . 7  I  n  V  i  /.■  / ,  ) :  <  | ,  -  /,  |  V 1  /.  /  i : 

<  1  u  =  <1.71  ///./’,  i  i :  <\r  —  -  i;  j|  V(  IT,  ):  — -  —7, ,11',;.. 

I  .  7 ,  ■  1  ■  •  .4 ,  T,  .  the  elect  1  1  111  s  obey  tile  1 1  i  ",  I,  - 1  i  e  1 '  1  e  X  1 1  l’e  >>  1 . 1 1 1  >  , 
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where  L ||  is  a  macroscopic  scale  parallel  to  the  field  B  and  Lj_  is  the  smaller  of 
B/  I  V  j_D  |  and  the  transverse  plasma  dimension.  In  addition,  the  standard 
transport  coefficients  are  valid  only  when  (3)  the  Coulomb  logarithm  satisfies 

O  O 

A  h>>  1:  (4)  the  electron  gyroradius  satisfies  re  X&,  or  Stvti,,  m,  c~  D~:  (5) 
relative  drifts  u  =  v,,  —  v.-j  between  two  species  arc  small  compared  with  the 
thermal  velocities,  i.e..  u 2  <C  kTn/mn.  kTj  /  m  j:  and  (G)  anomalous  transport 
processes  owing  to  microinstabilities  are  negligible. 
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where  //,,  is  the  neutral  density  and  it"/0  is  the  cross  section,  typically  ~ 
■  nr  *"  cm"  and  weakly  dependent  on  temjierat  ure. 

Whim  the  system  is  small  compared  with  a  Debye  length.  L  <^1  A/},  the 
i  ! i . i j  -I'd  particle  diffusion  (  oeffieients  arc 

I),,  =  /.V,,  /  m,,  //,,  . 

la  I  i  ,  opposite  limit,  both  species  d i f  1 1 1 s e  at  the  a 1 1 1 b i p o  1  a r  rate 

v ,  ik  -  ii.  i>,  cr,  +  T,  )I),  I), 

1  -  y  JK  +  7-  /)( 


/.  ,  -  I  ,  /  III 


,r,  is  the  mobility.  The  ruiiil  net  i  vity  it,,  satisfies  it,, 
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Here  rrj_  and  rrA  are  the  Pedersen  and  Hall  conductivities,  respectively. 
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4  2  :  1  a  r  atmosphere,  I  1 ~  {  1 4  }  i  1  :  *  is  -r.  !>*•'{  1 1}  I  7\t  im.es,  1  0  ‘  { -5}  !  40  I 
2 \tt m. •»ol0*{ft'  ph {-}}  4 '  ' r 

4  hskip  lem  gas  di  irge  t'j|;U4\cr  '  t ske {7}{3pt } 

4  Yarn  miasma  !10'{:4-  •  i  6  tires  1* *{ 1 1}  I  2\t  ir.eslO*  {-4}  !  10*3  I  10*7ft\cr 

■  t  s  r.  c  ■  7  }  {  3 ;  ■  t  } 

i  '  t  pi  asm  a  I  1 0  '  -  1 4 }  :  0 ' 2  I  6  t  :m.~s.  1  V  {  1  1 }  I  7\t  imes  1 0*  {-4  V  I 

4  ‘  1 1  '  -f 4  ;  I  4 \ t  rs  --s  1  7 ' Oip  4  ,:r  \tskc{7}{3pt} 

■:  mu-Jenr  •  12  LY  4  *  i  -  •  ■  s  :  2  '  :  2  }  12  t  imes  10  '{-3}  I  10*7  I 

si  0  ‘  {  4  '■  ph  {  -  }  }  4  --.cr 

V  hsk  ; p  ’.em  plasma  I  I  I  I  !  I  S\cr  ’  .  k  : •  7}{.’pt} 

4 T I ; ‘  t  a  pinch  !  1  0  ‘  {  1 R  r  |  1 0 *  2  I  H  •  t  imes.  1C  {  12}  I  7 \ 1. 1 m e 3  1  0 '  { - 5}  I 
4 '•  t  : r 1 C  '  { 3 }  I  3 \ t  i  - e r.  1  •  ph •'  -  •  v  *r  t skc{7}{3pt} 

v.'esise  h.-t  plasma  11''  ‘{IS}  111  2  1  "  ia>-s  1  0  '{  13}  I  7\t  l.mes  1  0  ‘  {-6}  ! 

V  times.  10'  {2}  I 2\times 10‘{  10  pha.}}  F  cr  \  tskc{7}{3pt} 

■/Laser  Plasma  I  10' {20}  I  10‘2  i  G  t.  im.*-s  10'  {  14  1  !  7\t  im.es  10  '  {-7}  140  I 
2'.  t  im.es.  1  ;  '  {  1 2\ph{  .  }}  4  cr  \tskcf?}{4pt}\tx  ule}}$$ 
bsk  V.  END  OF  TABLE. 

The  diagram  (facing)  a  i  ■-  -  -mpa  r  a  hi  “  i  n  ferra*  :  on  in  graphical  form  .  t  "{22'- : 
\  v fill''-  l  K  t  \ end 
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Tlu;  following  tables  give  average  nighttime  values.  Where  two  num¬ 
bers  are  entered,  the  first  refers  to  the  lower  and  the  second  to  the  upper 
portion  of  the  layer. 


Quantity 

E  Region 

F  Region 

Altitude  (km) 

90- 160 

160  500 

Number  density  (in-3) 

1.5  x  10lo-3.0  x  101" 

5  x  101"  2  x  10n 

Height- integrated  number 
density  (m~ 2  ) 

9  x  1014 

4.5  x  1015 

Ion-neutral  collision 
frequency  (sec-1) 

2  x  103-  102 

0.5  0.05 

Ion  gyro-/ collision 
frequency  ratio  k, 

0.09  2.0 

4.0  x  102  5.0  x  JO3 

Ion  Pederson  factor 

/.•;/(!  +  K  i  ~  ) 

0.09-0.5 

2.2  x  10-3  2  x  10-4 

Ion  Hall  factor 

>'  ■  “  /( 1  +  >'  i  ~  ) 

8  x  10-4  0.8 

1.0 

Pled  ]  on-ncii  fra]  collision 
frequency 

1.5  x  104  9.0  x  102 

80  10 

Pled  roii  gyro- /collision 
frequency  ratio  k, 

•PI  x  1()2  0.9  x  103 

7.S  X  104  6.2  x  10:’ 

I 

Pled  roll  Pedersen  factor 
>■' ,  /(I  +  >'  <  ~  ) 

2.7  X  10-3  1.5  x  10-4 

10-3  1.5  X  10-G 

Pled  rou  Hall  fact. or 
'■',“/(  1  +  K,  ~  ) 

1.0 

1.0 

\  1  e;i  n  molecula  r  weight 

28  26 

22  16 

•  Ion  gyrofrequeiicy  (sec-1) 

180  190 

230  30(1 

Neu t  r ; d  diffusion 

ci  ‘efficient  (ill-  sec  ) 

30  5  x  ]()3 

HP 

I  he  terrestrial  magnetic  field  in  the  lower  ionosphere  nt  e<  pin !  <  >ri;d 
let  t  il  mb’s  is  approximately  /Q  =  0.35  X  lb-"'  tesla.  The  eart  h's  radius  is 
/>’ }  —  05 7 ]  km. 
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\input  prolog  \pageno=43 

Xhof f set  =  1 .0truein\voffset=1.0truein\hsize=6.5truein\vsize=9.0truein 
\centerline{{\headf ont  SOLAR  PHYSICS  PARAMETERS}$‘ {24}$}  \msk 
\vbox{\off interlmeskip  Xtabskip^Opt  \halign  to\hsize{ 

\vrule#\tabskip=3pt  minus2pt&\strut#\hf il&\vrule#&\hf il$#$\hf il&XvruleS 
&$#$\hf il&\vrule#&\hf il#\hf il&\vrule»\tabskip=Opt\cr\trule  \tskc{4}{2pt} 

&\hf il  Parameter  I \hbox{Symbol} I \hf il\hbox{ Value} 1 Units&Xcr 
\tskc{4}{2pt}  \trule  \tskc{4}{lpt}  \trule  \tskc{4}{2pt} 

&Total  mass  I M_\odot I  1 . 99\times 10‘{33} I g&Xcr  \tskc{4}{l . 25pt} 
icRadius I R_\odot ! 6 . 96\t imes 10" { 10} I cm&\cr  \tskc{4}{l. 25pt} 

^Surface  gravity  I g_\odot I  2 . 74\timesl0'4 I cm\ts  s$'{-2}$&Xcr  \tskc{4}{ 1 . 25pt} 

&Escape  speed  I v_\ inf t y I  6 . 1 8\t imes 1 0‘7 I cm\t s  s$‘{-l}$&Xcr  \t skc{4} { 1 . 25pt } 

fcUpvard  mass  flux  in  spicules  I \hbox{ - } 1 1 . 6XtimeslO'{-9} IgXts  cm$'{-2}$ 

\ts  s$ ‘ 1 }$&\ cr  \tskc{4}{ 1 . 2Spt} 

^Vertically  integrated  atmospheric  dens ity I \hbox{ - } I \om\hf il4 . 28\hf il  I 

g\ts  cm$‘{-2}$fe\cr  \tskc{4}{l . 25pt} 

SSunspot  magnetic  field  strength  I E_{\rm  max} I \om\hf il2500Mibox{--}3500\hf il I 
G&Xcr  \tskc{4}{l . 25pt} 

&Surf ace  temperature  I T_0 I \om\hf il6420\hf il  I  K&Xcr  \tskc{4}{l.25pt} 

feRadiant  powerIXcal  L_\odot I  3 . 90\t imes 10' {33} I erg\t s  s$'{-l}$&\cr  \tskc{4}{ 1 . 25pt} 
ftRadiant  flux  densitylXcal  F I  6 . 4 1 \t imes 10' { 10} I ergXt s  cm$ *{-2}$s$" {- 1 }$Sc\cr 
\tskc{4}{l . 25pt} 

&0ptical  depth  at  500\ts  nm,  measured  I \tau_{S00} I \om\hf ilO . 99\hf il I  \hbox{ - }S:\cr 

icXhskip  lem  from  photosphere  I  I  I &\cr  \tskc{4}{l . 25pt} 

^Astronomical  unit  (radius  of  earth’s  orbit)l\rm  AU I  1 . 50\timesl0"{13} I cm&Xcr 
\tskc{4}{ 1 . 2Spt} 

&Solar  constant  (intensity  at  l\ts  AU) I f I  1 . 39\t imes 10‘6 I 

erg\ts  cm$‘{-2}$\ts  s$"{-l}$&\cr  \tskc{4}{2pt}\trule}}  \msk 
{\headfont  Chromosphere  and  Corona}$'{25}$  \ssk 
\vbox{\of f interlineskip\tabskip=Opt\hal ign  to\hsize{ 

\vrule#\tabskip=3pt  minus2pt&\strut#\hf il&\vrule#&\hfil$#$\hfil&\vrule# 
&\hfil$#$\hfil&\vrule#4Xhfil$#$Xhf il&Xvrule#Xtabskip=Opt\crXtrule \tskc{4}{2pt} 

&\om I \hbox {Quiet} ! \hbox {Coronal} ! \hbox{Act ive}ft\ cr \bs{4pt} 

&\hfil  Parameter  (Units) I \om I Xom I \om6\cr  \bs{4pt} 

&\om I \hbox{Sun} I \hbox{Hole} | \hbox{Region}&\cr 
\tskc{4}{2pt}  \trule  ' tskc{4}{lpt}  \trule  \tskc{4}{2pt} 

‘’.'Chromospheric  radiation  losses  I  I  I &\cr 

&\hskip  lem  (ergXts  cm$"{-2}$\ts  sS " {- 1}$) I  I  ! ft\cr  \tskc{4}{ lpt} 

&\hsk ip  2em  Low  chromospherel2\timesl0'6|2\timesl0‘6|\approxgtl0‘7  S:\cr  \tskc{4}{lpt } 
&Xhskip  2em  Middle  chromosphere  I 2\t imes 10“6 I 2\t imes 10“6 I 10'7&\cr  \tskc{4}{ 1 pt } 

&Xhsk ip  2em  Upper  chromosphere  l3\timeslO"5|3\timeslO"5l2\timeslO"6St\cr\tskc{4M  pt } 
&\hsk ip  2em  Total  I  4\t  imes  10*6  I  4\t  imeslC'6  I  \approxgt2\t  imes  10‘7ft\cr  \tskc{4}{  .  Lpt  '■ 
^Transition  layer  pressure  (dyneXts  cm$"  {-2}$)  I  0 . 2  I  0 . 07  I  28c\cr  \tskc{4} { 1  .  Lpt.  (• 
^Coronal  temperature  (K)  at  1  .  l\ts  R$_\odot$ I  1 . l\hbox{--} 1 . 6\t imes 1 0 ‘6  I  1 0  ‘ 6 
2.5\timesl0"64\cr  \tskc{4}{l.5pt} 

^Coronal  energy  losses  (ergXts  cm$'{-2}$\ts  s$'{-l}$) I IlftXcr  \tskc{4}{lpt.} 

&\hr.k  ip  2em  Conductionl2\timesl0'5l6\timesl0'4l  10'5\hbox{--}  1 0' 7&\cr  Xtskc  {4  }  {  pt  } 
IrNhskip  2  era  Radiation) 10 '51 10'4l5\timesl0'6ft\cr  \tskc{4}{lpt} 

ftihskip  2em  Solar  Vind I Xapproxlt  5\t imes 10 ‘4  I 7\t imes 10 ‘5  I < 1 0 ' 5&\cr  \tskc{4}{ lpt.} 

4 \h s k ip  2em  Total i3XtimeslO‘5l8\timeslO~5llO'7&\cr  \tskc{4}{l.5pt} 

tSolar  wind  mass  loss  (g\ts  cm$‘{-2}$Xts  s$ '{- 1 }$) I Xapprox 1 t2\ t imes 10' {- 1 ! } ! 

2’ timer,  10‘{-10}l<4\timesl0'{-ll}&\cr  \tskc{4}{2pt}\trule}} 
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Parameter 


Symbol 

Value 

M. 

1.99  X  1033 

/?. 

6.9C  x  101() 

9  ■ 

2.74  x  104 

^oc 

G.18  x  107 

— 

1.6  x  10-9 

--- 

4.28 

ax 

2500-3500 

To 

6420 

£  . 

3.90  x  1033 

T 

6.41  x  1010 

r500 

0.99 

AU 

1.50  x  1013 

/ 

1.39  x  10° 

U  nits 


Total  mass 
Radius 

Surface  gravity 
Escape  speed 

Upward  mass  flux  in  spicules 
Vertically  integrated  atmospheric  density 
Sunspot  magnetic  field  strength 
Surface  temperature 
Radiant,  power 
Radiant  flux  density 
Optical  depth  at  500  urn.  measured 
from  photosphere 

Astronomical  unit  (radius  of  earth's  orbit) 
Solar  constant  (intensity  at  1  AU) 


Chromosphere  and  Corona" 


Parameter  (Units) 


cm  s 
cm  s 
g  cm-" 
gem 
G 
K 
erg  s 


eti 

erg  cm" 


Quiet 

Coronal 

Sun 

Hole 

2  x  10G 

2  X  10° 

2  x  10° 

2  X  10° 

3  x  105 

3  x  lO5 

4  x  10° 

4  x  10G 

0.2 

0.07 

1.1  1.6  x  10° 

10G 

2  x  HU 

6  x  lO4 

HU 

lO4 

<  5  X  104 

7  x  HU 

3  x  HU 

8  x  HU 

to 

X 

i 

2  x  10_1<l 

Active 

Region 


Chromospheric  radiation  losses 
(erg  cm  s  ) 

Low  chromosphere 
Middle  chromosphere 
Upper  chromosphere 
Total 

Transition  layer  pressure  (dyne  cm 
Coronal  temperature  (K)  at  1.1  R 
Coronal  energy  losses  (erg  cm- 2  s” 
Conduction 
Radiation 
Solar  Wind 
Total 

Solar  wind  mass  loss  (gem- ~s_I) 


2  X  10" 

>  2  X  10* 
2 

2.5  x  10° 

HU  107 
5  x  10G 
<  HU 
1()7 

<  1  x  10~! 


>4i  t.«  *-*  M  tj  ■|L»| 
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Xcenterl ine{{\headf ont  THERMONUCLEAR  FUSI0II}$'{26}$} 

\bigskip 

Natural  abundance  of  isotopes: 

\smallskip\nointerlineskip 
$$\vbox{\halign{#\qquadft$#$\hf il\cr 

hydrogenftn_D  * {\ vphantom{3}}/n_H  * {X vphantom{3}}=l .5\timesl0'{-4}\cr 
hel iumS!n_{\rm  He‘3}/n_{\rm  He"4}=l . 3\timesl0‘{-6}\cr 
\noal ign{\vskipl . 5pt} 

1 ithiumftn_\Xrm  Li'6}/n_{\rm  Li‘7}=0 . 08\cr>}$$ 
hnl ign{#\qquad\qquadft$#$\hf ilft$#$\hf il  \cr 
Mass  ratios:  &m_e/m_D  &=2 . 72\t imes 10"{-4}  =  1/3670  \cr 

&(m_e/m_D) '{1/2}  fc=l . 65\timesl0'{-2}  =  1/60.6  \cr 
&m_e/m_T  &= 1 . 82\t imes 10' {-4}  =  1/5496  \cr 

ft (m_e/m_T) '{ 1 /2}  &=1 . 35\timesl0‘{-2}  =  1/74.1  \cr} 

\medsk ip 

Absorbed  radiation  dose  is  measured  in  rads:  1  rad  =  10$"2$\ts  ergXts  g$'{-l}$. 
The  curie  (abbreviated  Ci)  is  a  measure  of  radioactivity:  1  curie  = 

$3 . 7\timesl0*{10}$\ts  countsXts  sec$‘{-l}$. 

\medskip 

Fusion  reactions  (branching  ratios  are  correct  for  energies  near  the  cross 
section  peaks;  a  negative  yield  means  the  reaction  is  endothermic) :$*{27}$ 
\smallskip{\def {yields# 1{\ lower 4 . 5pt\hbox{$\overr ightai row{\ph{0}#l\ph{0}}$}} 

V.  THE  \y ields  MACRO  IS  USED  TO  DRAW  THE  'YIELDS'  SYMBOL  WITH 

’/.  A  NUMBER  UNDER  IT. 

\hal ign{\indent#\quad&#\quad&if\hf ilft#\hf ilft#\hf ilXcr 
& ( 1  a) &D  +  DftXy  i  elds{50'  *',}ftT(  1 . 0 1  \  t s  MeV)  +  p(3.02\ts  MeV)\cr 
<:  (  1  b )  &  6\yie]ds{r  :\y.HHe$‘3$(0.82\ts  HeV)  +  n(2.45\ts  MeV)\cr 

•<:(2)  ftD  +  T&\yields{\ph{50\y.»&HeS'4$(3.5\ts  MeV)  +  n(14.l\ts  HeV)\cr 
ft ( 3 )  ftD  +  HeS'3$&\yields{\ph{50\*/.»&He$'4$(3.6\ts  MeV)  +  p(l4.7\ts  MeV)\cr 
ft(4)  ftT  +  T  &\yields{\ph{50V/.}}*He$'4$  +  2n  +  11.3\ts  MeVXcr 
.v  Fa  ) ftHe$*3$  +  T&Xyields{51\y,}ftHe$'4$  +  p  +  n  +  12.1\ts  MeV\cr 
ft  (  5b)  ft  &\yields{43\*/.}&He$‘4$(4.8\ts  MeV)  +  D(9.S\ts  HeV)\cr 

ft( 5c)&  &\y  ields{Xph{5}6\y,}ftHe$'5$ (2 . 4\ts  MeV)  +  p(ll.9\ts  MeV)\cr 

ft  ( 6 )  ftp  +  Li$‘6$ft\y  ields{\ph{50\V.}}tHe$'4$(  1 ,7\ts  MeV)  +  He$ * 3$ ( 2 . 3\t s  He\’)\cr 
ft  (7a) ftp  +  Li$‘7$Sr\yields{20\y,}fe2  He$'4$  +  17.3\ts  MeVXcr 
ft(7b)ft  &\y  ields{80\*/,}ftBe$‘7$  +  n  $-$  1.6\ts  MeVXcr 

4(8)  ftD  +  Li$*6$ft\yields{\ph{50\y,»4$2$He$*4$  +  22.4\ts  MeVXcr 
4(9)  ftp  +  B$  ‘  {  1 1  }$ft\y  i  elds{Xph{50\‘/.}}ft3  H.e$‘4$  +  8.7\ts  HeVXcr 
(  1 0 )  S’ n  +  Li$‘6$4Xyiel.ln{\ph{r>D\y.»ftHe$‘4$(2.1\ts  K*Y)  +  T(2.7'  ts.  !!*’.')’••.-!'•'• 

.me!  l:-.k  i  n 

total  crons  st:*  ion  in  barns  as  a  function  of  ,  the  energy  m  k-” 

•  .f  the  incident  particle  [the  first,  ion  on  the  left  side  of  F.qs  . 
i:  t.h.e  targ'-t  :  si  at  rest,  ran  b*-  fitted  by$~{23}$ 

:  :  ::  ,  it:-  i  T  '  K )  ;  {  A  _  L  +  i  *.  f  ’  [  (  A  _  4  -  A  E )  2  *  1  r  :  g  h  t.  ]  {  -  1  f  A  _  2  r  v  - :  L  ■  >. :  A 

1  1  •  :/2'-)-r  r  r  pht  ]  }  i  t 
e  l  *-c  t  '  . 


f: 

l. 
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Natural  abundance  of  isotopes: 

hydrogen  nD/'1LH  =  1-5  x  10-4 
helium  nHe3/nH«-4  =  1-3  x  10-6 

lithium  nLiG  / nLi7  =  0-08 

Mass  ratios:  rnf  jrnr>  =  2.72  X  10-4  =  1/3C70 

{  me  / mD)x/2-  1 .05  x  10-2  =  1/60. G 
■m(  /mT  =  1.82  x  10-4  =  1/5490 
( nie  / niT  ) 1/2  —  1-35  x  10-2  =  1/74.1 

Absorbed  radiation  dose  is  measured  in  rads:  1  rad  =  102ergg  1 .  The 
curie  (abbreviated  Ci)  is  a  measure  of  radioactivity:  1  curie  =  3.7  x 
1010  counts  sec- 1 . 

Fusion  reactions  (branching  ratios  are  correct  for  energies  near  the  cross 
section  peaks;  a  negative  yield  means  the  reaction  is  endothermic):"' 

(la)  D  +  D  — ^T(l.OlMcV)  +  p(3.02MeV) 

50  A) 

(ib)  -^>Hc3(0.82MeV)  +  n(2.45MeV) 

(2)  D  +  T  - *He4(3.5MeV)  +  n(14.1MeV) 

(3)  D  +  He3 - ►He4(3.6  MeV)  +  p(14.7MeV) 

(4)  T  +  T  - +  He4  -f  2n  -f  11.3  MeV 

(5a)  He3  4-  T  r  1  >He4  +  p  +  n  +  12.1  MeV 

5 1  A) 

(5b)  — — He4(4.8MeV)  +  D(9.5  MeV) 

43  X) 

(5c)  —Tiv  Tie3 (2 .4  MeV)  -f  p(11.9MeV) 

0  /) 

(G)  p  +  Li°  - »Hc4(1.7MeV)  +  He3(2.3MeV) 

(7a)  p  +  Li7  — p2  He4  +  17.3MeV 
(7b)  — ^De7  +  n  -  1.0  MeV 

(8)  D  +  Li°  - >2He4  +  22.4  MeV 

(9)  p  +  B11  - -3  lie4  +  8.7  MeV 

(TO)  n  +  Li°  — - Tie4  (2. 1  MeV )  +  T(2.7MeV) 

The  total  cross  section  in  barns  as  a  function  of  E.  the  energy  in  keV 
of  th<’  incident,  particle  [the  first  ion  on  the  left  side  of  Eqs.  (1)  (5)]. 
assuming  the  target  ion  at  rest,  can  be  fitted  by"8 

+  Ua4-A3E)-  +  i]  A  2 


\input  prolog 
\hsize=6 . Struein 
\hoffset=l . 125truein 
\pageno=45 
\nointerlineskip 

where  the  Duane  coefficients  $A_j$  for  the  principle  fusion  reactions  are 
as  follows  : 

\ssk  7.  BEGINNING  OF  FIRST  TABLE. 

$$\vbox{\off interlineskip\tabskip=Opt\halign  to\hsize{\vi ule*'\tabskip=3pt  plus 
2pt  minus2pt&\strut\hf il$#$\hf ilft\vrule«&\hf ll$#$\hf il&\vruleff&\hf ilS#$\hf il 
S:\vrul  e#&\hf  il$#$\hfil&\vrule#&\hfil$#$\hfil*;\vrule#ft\hfilj#$''hfil 
&\vrule#&\hfil$#$\hfil&\vrule#\tabskip=Opt\cr  \trule  \tskc{7}{2pt} 

I &{}$D--D${> I {}$D— D${> I {}$D--T${> I {}$D--He$-3 ! {}$T--T${} I {}$7- -HeS *3&\cr 
I  & ( l{\rm  a}) I (l{\rm  b}) I (2) [ (3) I (4) l\null$(5a--c)$\ null  A:\cr 
\tskc{7}{2pt}  \trule  \tskc{7}{lpt}  \trule  \tskc{7}{2pt} 

&A_1 I  46. 097  I  47. 88  I  45. 95  I  89. 27  I  38. 39  I  123.  l&\cr  \tskc{7}{ Ipt} 

&A_2  I  372  I  482  I  50200  I  25900  I 4<*8 I  1 1250fc\cr  \tskc{7}{ lpt} 

&A_3  I  4 . 36\timesl0‘{-4}  I  3 . 08\t imes 10' {-4}  I  1 . 368\t  iir.es  10 ‘{-2} 
I3.98\timesl0"{-3}ll.02\timesl0'{-3}l0&\cr  \tskc{7}{lpt} 

6 A_4 I  1 .2201 1 . 1771 1 .076  I  1 . 297  I  2 . 09  I 0&\cr  \tskc{7}{lpt> 

&A_5l0l0l409|647|0|0&\cr  \tskc{7>{2pt}  \trule»$$ 

\nsk 

Reaction  rates  $\overline{\sigma  v}$  (in  cm$~3\,$sec$‘{-l}$) ,  averaged  over 
Maxwellian  distributions: 

\ssk  V.  EEGINNING  OF  SECOND  TABLE. 

$$\vbox{\of f interlineskip\tabskip=Opt\halign  to\hsize{\vrule#\tabskip=3pt  plus2pt 
minus2pt4\strut\hf il$#$&\vrule#*\hf il$#$\hf il&\vrule#&\hf il$#$\hf il 
&\vrule»Si\hfil$#$\hf il&\vrule#&\hf il$t$\hf il&\vrule#6\hf il$a$\hf il 
&\ vrule#\tabskip=0pt\cr  \trule  \tskc{6}{2pt} 

V{\rm  Tem.perature}\hfil|{}$D--D${}|  {}$D--T${>  K>$D--He$'3 
! {}$T--T${} I {}$T--He$"3&\cr 

i{\rm  (ke7)>\hf il I {\rra  (la+lb)}l(2)l(3)l(4)l{}$(5a--c)${}&\cr 
\tckc{6}{2pt>  \trule  \tskc{6}{ lpt}  \trule  \tskc{6}{2pt} 
t:  .0'  qquad I  1 . 5\t imes 1C ' {-22} I  5 . 5\t imes 10" {-2l> I 10' {-26} 

I  3 . 3  -if.es  10' {-22}  I  10'{-28}&\cr  \tokc{6>{  lpt> 

V.2  .  O'  -:qu:t  U  5 . 4\t  imes,  10 '  { -2 1  >  I  2 . 6\t  imes  10‘  {- 19}  I  1  .  4\t  imes  10'  {-23} 

-  irr.eSiO'{-21}|  10' {-25}&\ cr  \tskc{6}{  lpt} 

1 . 8\t imes 10" {-19} I  3 . 3\t  imeslO*  {-17}  I  6. 7\t  imesl0‘{-2l} 

:  •;  *.  imes 10" {-19} I  2  .  I\tim*sl0'{-22}ft\cr  \tskc{6>{lpt> 
til  ■  qqnnd  I  1 . 2\t  imes  10' {- 18>  I  1  .  l\t imes  10 ' <- 16>  I  2 . 3\t imes  10' {-  19} 
i  7 . 1  ?  : St; 1 0 ' {- 1 9} I  1 . 2\t imes 10‘ {-20}  ft\cr  \tskc{6}{ lpt} 
f.  I'"  .  C.  •;  :u.tJ  I  5 . 2\ times  10'  {-18}  I  4 .2\ times  10' {-16}  I  3 .8\t imes  10' -(-18} 

:  2  .  5  *  : r  e s 1 0 ‘ -  1 S } I  2 . 6\t imes 1 0 ' {- 19}ft\cr  \tskc{6}{ lpt} 
v '  C  qqu.vl  I  2. 1  '  1 1  ir.es  1  0 "  {-  1  7}  I  8 . 7\  t  imes  1 0'  {-  1 6}  I  5 . 4\t  i  mes  1  O'  {  -  1  7} 

•  :m.es!C'{-18}|5.3\timeslO~{-18}A:\cr  \tskc{6}{lpt} 

VI'  .  0  qquad  !  4 . 5\t  irr.es  1  O'  {  - 17}  I  8 . 5\t  imes  1 0' {  - 16}  I  1 . 6\t  imes  1 0'  {-  16} 

1  1  .  9  men 10'{-I7}l2.7\t  imer,10‘{-17}ft\cr  \tskc{6}{lpt} 

5  '  qq'ind  I  8 . 8V  t  imes  17  '  {  -  1  7}  I  6 . 3\ t  imes  1 0 '  {  -  16}  I  2 . 4\t  imes  1 0  '  {  -  16} 

I  4  2  •.  ;  f  ’s  1 0  '  {-  17}  I  9 . 2y  t  ltn^s  1 0'  { -  l7}ft\cr  \tskc{6}{lpt} 

V  ;  '  r  qq  : i  : I  1  . P'  t imes ; 0  ~ I  6} | 3 . 7\ t imes 10 ' 16} I  2 . 3\ t imes 1 0 ‘ {- 1 6} 

i  °  .  4  ’  :  me;-  j  o  ’  {  -  1  7}  i  2 . 9  \  t  imes.  1  0  -  {  -  1  6}ft\cr  \  tskc{6}{  lpt} 

V  :  '  .  q-siad  1  2  .  r  ires  10  •  -f  -  16}  I  2 . 7' t  imes  10'{-16>  |  1 . 8\t  imes  1 0  '  {-  1 6} 

1  ■  1  7}  ;  8 . 2  t  : mes  10  -1  -  lr.H'-cr  \  t. sk c {6} {2pt}\ t rul e} }$$ 

r  r  1  v  s  ;  ■  ■  (  t  p  a;q  :  x  ’.  •  sr.  s  . »  (  may  be  represented  by 
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J*  m  A. 


$$ (\overline{\sigma  v})_{DD}=2 . 33\t imes  10‘{-14}  T~{-2/3}  \exp(-18.76  T*{ 
\,{\rn  cm}~3\ , {\rm 

$$(\overline-C\sigir.a  v>)  _{DT}=3 . 68\times  10*{-i2>  T~\-2/3>  \exp(-19.94  T'{ 
\,{\r:n  cm}'3\  ,  {\rrr.  sec} ‘ 1 } , $$ 
where  $T$  is  measured  in  keV. 

\medskip 

The  power  density  released  in  the  form  of  charged  particles  is 
\sir.allskip 

'-.indent  $P_{DD}=3 . 3\t  imeslO'  {-  13}{r._D}“ 2 (N  t verl ine{\sigma  v>)  ts 

watt\ts  C!s$-{-3}$  (including  the  subsequent 

\hskip4 . 625truein  D--T  reaction); 

\ indent  $P_{DT>  =  5 . 6\timeslO*{-13}n_D  n_T(\overi me{\sigma  v>  ;  _{CT>t  ••  t  s 
watt'. t s  cm3 ‘ \-3}3  ; 

'  indent  i?_{{D\rm  He>‘3>-2 . 9\t.ines  ;  0‘ {- ;  2>n_ -  n  ‘  {'  vrhnnt or- 13 >}}::_{'  rr  *•>  • 

(  \  o  ve  r  1  n.e  {  \  s  i  cfrna  v  }  '  _  {  3  {  ;  r  He} ‘ 3}3 \ t s  watt  t.s 


where  the  Duane  coefficients  Aj  for  the  principle  fusion  reactions  are  as  follow- 
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Reaction  rates  err  (in  cm'1  scr  1).  averaged  over  Maxwellian  distributions: 
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fin-  low  energies  (7'  ^  25ke\')  the  data  may  be  represented  by 

(fifi) dd  ~  2.33  x  I(>“)47'“2/3  exp(-lS.707’_1/3)  cm3  sec"’: 
(rrr)pT  —  3.08  X  10  1  "  7’  ~  ^3  exp(  —  10.0-1 7  ’  1^3)  cm3  sec 

where  T  is  measured  in  ke\’. 

I  lie  | >i iv.a ■  r  density  released  in  the  form  of  charged  particles  is 

l’n  n  =  3.3  x  1  0 "" 1  3  n  n  ~  (  a  v  )  pp  wa  tt  nil"3  (including;  the  su  1  >se<  pieu ' 


1 )  T  rea c t  ion  t : 


/'/)/—  ■> .  0  x  1  0  "  n  n 

=  2.0  x  ID"  12 /i 


1  "  n  /)  n  /•  (  rr  r  )  /i  y  wa  1 1  cm  ' ' : 


n  ,,  3  (  a  r  )  ,,,,..3  wa  t  t  cm  ' 
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\centerline{\headfont  RELATIVISTIC  ELECTRON  BEAMS} 

\medskip 

\indent 

Here  $\gamma  =  ( l-\beta~2) ' {- l/2}$  is  the  relativistic  scaling  factor; 
quantities  in  analytic  formulas  are  expressed  in  SI  or  cgs  units,  as  indicated; 
in  numerical  formulas,  $1$  is  in  amperes  (A),  $B$  is  in  gauss  (G) ,  electron 
linear  density  $N$  is  in  cm$'{-l}$,  and  temperature,  voltage  and  energy  are 
in  MeV;  $\beta_z  =  v_z/c$;  $k$  is  Boltzmann’s  constant. 

\medskip 

Relativistic  electron  gyroradius: 

$$r_e={mc~2\over  eB}(\gamma'2  -  l)'{l/2}\  ({\rm  cgs})= 

1 . 70\t imesl0'3(\gamma'2-l ) '{l/2}B'{-l}\, {\rm  cm}  .  $$ 

Relativistic  electron  energy: 

$$V=mc'2\gamma=0 . SI l\gamma\>{\rm  MeV} . $$ 

Bennett  pinch  condition: 

$$I~2=2Mk(T_e+T_i)c‘2\  ({\rm  cgs} ) =3 . 20\t imes 10' {-4}N(T_e+T_i ) \ , \rm  A'2.$$ 
Alfv\’en-Lawson  limit: 

$$I_A=(mc‘3/e)\beta_z\gamma\  {\rm  (cgs)}=(4\pi  mc/\mu_Oe)\beta_z\gamma\  {\rm 
(SI )}=1 . 70\ times 10'4\beta_z\gamma\ , \rm  A  .  $$ 

The  ratio  of  net  current  to  $I_A$  is 
$${I\over  I_A}  =  {\nu\over\gamma} . $$ 

Here  $\nu=Nr_e$  is  the  Budker  number,  where  $r_e=e‘2/mc'2=2 . 82\timesl0‘ 
{-13}\,$cm  is  the  classical  electron  radius.  Beam  electron  number  density  is 
$$n_b  =  2.08\times  10"8  J\beta" {- 1 }\ , {\rm  cm}'{-3},$$ 

where  $J$  is  the  current  density  in  A\ts  cm$'{-2}$.  For  a  uniform  beam  of 
radius  $a$  (in  cm) , 

$$n_b=6 . 63\timesl0'7  I  a ‘ { -2}\beta" {- l}\ , {\rm  cm}'{-3},$$ 
and 

$${2r_e\over  a}={\nu\over\gamma} . $$ 

\ vf il\e j ect\end 
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RELATIVISTIC  ELECTRON  BEAMS 


Here  7  =  (1  —  £J2)-1/2  is  the  relativistic  scaling  factor:  quantities 
in  analytic  formulas  are  expressed  in  SI  or  cgs  units,  as  indicated:  in 
numerical  formulas,  I  is  in  amperes  (A),  B  is  in  gauss  (G).  electron 
linear  density  N  is  in  cm-1,  and  temperature,  voltage  and  energy  are  in 
MeV;  (3Z  =  vz/c ;  k  is  Boltzmann's  constant. 

Relativistic  electron  gyroradius: 

re  =  - ~{'y2  —  l)1/2  (cgs)  =  1.70  x  103(7~  —  1  )x^~  B  1  cm. 

eB 

Relativistic  electron  energy: 


W  =  me2 7  —■  0.51 17  MeV. 


Bennett  pinch  condition: 

I2  =  2  Nk(T,  +  T,)c 2  (cgs)  =  3.20  x  U)~4N[T(  +  T,)  A2. 

Alfven-Lawson  limit: 

IA  =  (rnr3  /  r)(i ;  7  (cgs)  =  (47rr/j.c//to  e)ft.  7  (SI)  =  1.70  X  1  ( ) 4  /  ^  -  7  A  . 

The  ratio  of  net  current  to  /. 4  is 

/  _  ;/ 

I  a  7 

Here  //  =  Nr,  is  the  Budker  number,  where  r(  =  c~  /  nt.r~  =  2.82  x 
10“  13  cm  is  the  classical  electron  radius.  Beam  electron  number  density 
is 

ii.,,  =  2.08  x  108.//j “ 1  cm-3. 

where  ./  is  the  current  density  in  A  cm--.  For  a  uniform  beam  of  radius 
n  (in  cm  ) . 

=  G.G3  x  107/tt“2/f -1  cm-3.  1 
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Child’s  law:  (non-r elat i v ist  1  c )  space-charge-limited  current  density  between 
parallel  plates  with  voltage  drop  and  separation  $d$  (in  cm)  is 

$•$ J  =  2 . 34\t imes  10"3  V {3/2}d‘ {-2}\ , \rm  A\  ,  cm' {-2}  .  $$ 

\smallskip 

Tiie  saturated  parapotential  current  (magnetically  self -1 imited  flow  along 
equ:\-potentials  in  pinched  diodes  and  transmission  lines)  is$'{29}$ 

$$I_p=S . 5\t imeslO‘3G\gamma  \ln\lef t [\gamma+(\gamma~2-l ) ~{l/2}\r ight] \ , \rm  A,$$ 
whole  $G$  is  a  geometrical  factor  depending  on  the  diode  structure: 

' oral 1 sk ip 

.”.align{\quad#\hf il\qquadt#\hf il  \cr 
;  :werSpt\hbox{$\displaystyle  G  =  {»  \over  2\pi  d}$} 

Hot  parallel  plane  cathode  and  anode  \cr 

":M'7pt}‘ 

k -A  width  $w$ ,  separation  $d$ ;  \cr 

i  i-.rplaystyle  G=\left(  Mr,  {P._2  \over  R_l>  \right)‘{-l>$  &for  cylinders  of 
:  .till  ??;.!$  ( inner)  and  $R_2$  (outer);  \cr 
n  •  alir,r.\\vskip2pt} 

werSpt\hbox{$\d: splaystyle  G  =  {R_c  \over  d_0>$> 
if  or  conical  cathode  of  radius  $R_c$ ,  maximum  \cr 

b; iSpt } 

^separation  $d_Of  (at  $r=R_c$)  from  plane 
nn-.de.  \cr> 

•call  skip 

K  j:\beta\toO\ ;  ('•gamma\tol)$,  both  $I_A$  and  $I_p$  vanish. 

■  s  k  ip 

The  condition  for  a  longitudinal  magnetic  field  $B_z$  to  suppress 
f l lamentation  in  a  beam  of  current  density  $J$  (in  A\ts  cm$'{-2}$)  is 
\  s  m  a  1 1  s  k  l  p  \  n  o  l  n  t  e  r  1 1  n  e  s  k  i  p 

_z  >  47  \beta_z  ( '.gamma  J )  *  { 1  /2}\ ,  \rm  G.$$ 

V..  It  age  regi-r.ered  by  Rogowski  coil  of  minor  cross-sectional  area  $A$,  $n$ 
turns,  major  radius  $a$,  inductance  $LS ,  external  resistance  $R$  and 
■  •  a  citance  $  C  $  (all  in  SI): 

:  :  .  i  hal  i  pn{\quad#\hf  il\qquad\qquadt$#$\hf  il  \cr 

-  :< ..  email  y  integrated  &V=  ( 1/RC)  (nA\n.a_0I/2\pi  a);  \cr 
al  igr. -f \snal  1  ski  p7 

integrating  &V=  (R/L)  (nA\mu_0I/2\pi  a)  =  Rl/n.  \cr}}$$ 

X-ray  product l or ,  target  with  average  atomic  number  $Z\;$  ($V  \approxlt 


a  1  1  r  k  ip\r. : :  r.*  erl  me  skip 

•  ta  euaiv  hbt;  x  {  x  -  r  .a  v  p.wer/beam  power}  =  7\ t  imes  10  "  {-4}  ZV  .  $$ 

learn  depositing  total  charge  $2:? 
material  with  charge  state  $Z$: 
2}\,'.rn  rads .  $$ 
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Child's  law:  (non-relativistic)  space-cliarge-limited  current  density  be¬ 
tween  parallel  plates  with  voltage  drop  V  and  separation  <7  (in  cm)  is 


J  =  2.34  x  103V3/2d~2  A  cm'2. 


The  saturated  parapotential  current,  (magnetically  self-limited  flow  along 
equipotentials  in  pinched  diodes  and  transmission  lines)  is29 


Ip  =  8.5  x  103G7ln  [7  +  (72  -  1)1/2 


A. 


where  G  is  a  geometrical  factor  depending  on  the  diode  structure: 

w  for  parallel  plane  cathode  and  anode 

of  width  w.  separation  d\ 

- 1 

for  cylinders  of  radii  7?i  (inner)  and  Rn  (outer) 

for  conical  cathode  of  radius  Rc .  maximum 
d0  separation  d0  (at  r  —  R,)  from  plain1  anode. 

For  fi  — *  0  (7  — *  1).  both  /g  and  Iv  vanish. 

The  condition  for  a  longitudinal  magnetic  field  D-  to  suppress  filamen- 
tafion  in  a  beam  of  current  density  ./  (in  A  cni~~)  is 

D:  >  47/i;  (7 .7 )1/2  G. 

Voltage  registered  by  Rogowski  coil  of  minor  cross-sectional  area  A.  n 
turns,  major  radius  a.  inductance  L.  external  resistance  R  and  capaci¬ 
tance  C  (all  in  SI): 

externally  integrated  V  =  ( 1  / RC){  uA/io  I/2tt<i  ): 

self-integrating  V  =  (R/L)(  nAfto  I/2na  )  =  Rl/n. 

X-ray  production,  target,  with  average  atomic  number  Z  ( V'  X  5  MeV ): 
//  =  x-ray  power/beam  power  =  7  X  10  i  ZV. 

X-ray  dose  at,  1  meter  g(*ner;it.e<l  by  an  e-beam  depositing  total  charge  () 
coulombs  while  V  >  0.84 in  material  with  cliarge  state  Z: 


D  =  150  V 


2.8/iyl/2  , 

1  a x'  Qz 
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\centerline{\headfont{8EAM  INSTAB ILITIES}$ ' {30}$} 

V  bsk  BEGINNING  OF  TABLE. 

\vbox{\tabskip=Opt  \of f mterlmeskip  Vhalign  toVhsize 
{\strut#&\vrule#\tabskip=3pt  plus3pt  minus2pt£#\hf ll&Vvrule# 

4$8$\hf  il6\vrule#Sr#\hf il&\vrule#\tabskip=Opt\cr  'trule  \tska{3}{3pt> 
l\hfil  Name  I \om\hf 1 1  Cond 1 1 lonsVhf  1 1 1 \hf ll  Saturation  Mechanism&Vcr 
\tska{3}{3pt}  \trule  \tska{3}{ lpt}  \trule  \tska{3}{3pt} 

I  Electron- I V_d>\ov{V}_{ej }, \ ;]  =  1 , 2  I  Electron  trapping  until  S:\cr 
I V quad  electron  I \om I \quad$\ov{V}_{ej }\sim  V,d$Si\cr  \tska{3}{6pt} 

I  Buneman I V_d> (M/m) *{ l/3}\ov{V}_i .  I  Electron  trapping  untilfcVcr 
I \om I V_d>\ov{V}_e I \quad$\ov{V}_e\s im  V_d$  S:\cr  \tska{3}{6pt} 

I  Beam-plasma  I V_b>(n_p/n_b) "{ !  '?}'  ov{7}_b I  Trapping  of  beam  electrons&Vcr 
\tska{3}{6pt} 

|  Veak  beam-  !  V_b<  ( n_p<’n_b)  *  {  !  /3}\ c  v{Y}_d  i  Quas  1 1 ::: ear  or  nonl  inear&Vcr 
I 'V quad  plasma  I \om  !  \quad  (mode  coupling)!:' cr  '  tska{3}{6pt> 
i  Be am- plasma  I \ov{ V}_e>V_b>\c. v{ V) _b I Quas 1 1 inear  or  nonl l near &\er 
I \quad  (hot-electron ) I \om I \omt\cr  \tska{3}{6pt} 
lion  acoust ic I T_e\gg  T_i,\;V_d\gg  C_s I Quasil mear ,  ion  tail  form-&\cr 
I \om I \om I \quad  ation,  nonlinear  scat  ter  mg  ,  S\cr 
I \om I \om I \quad  or  resonance  broadening . &\cr  \tska{3}{6pt} 

I  An  isotropic  I T_{e\perp}>2T_{e 'parallel) I Isotropization&\cr\bs{lpt> 

I  \ quad  t  emperature  I  \om  I  \omS-\  cr 
I  \quad  (hydro)  I \om  I \onfc\cr  \tska{3}{6pt} 
lion  cyclotron  I  Y_d'-»20\ov{7}_i\  ({\rm  for}IIcn  heat  i  r.g&Vcr 
l\om I VomVhf il$T_e\approx  T_i )$ I \omt\cr  \tska{3}{6pt} 
IBenm-cyclotron|V_d>C_sl Resonance  broadening&\cr 
IVquad  (hydro) |\om I \om*  . cr  \tska{3}{6pt} 

I  Modif  led  two-  I  V_d<  ( 1  ‘'.beta)  *  { 1  /2}V_A  ,  I  Trappir.gfcVcr 
IVquad  stream  (hydr ? ) I V_ d>C_s I VomiVcr  \tska{3>{6pt> 

I  Ion-ion  (  equal  IV<2(  i  *  b*-ta)  *  { 1/2}V_A  I  Ion  trappmg«c\cr 
I  Vquad  beams )  !  '■  on  !  Vomf.cr 
\tska{3>{Spt> 

lion-ion  (equal IIK2C_s I  Ion  trappingfcVcr 

'  quad  beams ) I \ om I \ omiVcr  \tska{3}{3pt}  '.trule}} 

F  ">  i  i\  :r.  &  r;  c  1  ri  t  u  re,  r.  •=*  e  p  .  5  0  . 

■  v  f  1 1  \  e  i  ec  t  \  r*nd 
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Name 

Conditions 

Saturation  Mechanism 

Electron- 

electron 

Vd  >  Vej,  j  =  1,2 

Electron  trapping  until 

Vej  ~  vd 

Buneman 

Vd  >  (M/m)1/3  V{ , 
Vd  >  ve 

Electron  trapping  until 

V  ~  Vrf 

Beam-plasma 

V>  >  (np/nb)1/3vb 

Trapping  of  beam  electrons 

Weak  beam- 
plasma 

Vb  <  (np/nb)1/3Vb 

Quasilinear  or  nonlinear 
(mode  coupling) 

Beam-plasma 

(hot-electron) 

ve  >  Vb  >  Vb 

Quasilinear  or  nonlinear 

Ion  acoustic 

Te  >  T{ ,  Vd  >  Cs 

Quasilinear,  ion  tail  form¬ 
ation,  nonlinear  scattering, 
or  resonance  broadening. 

Anisotropic 
temperature 
( hydro) 

TeX  >  2Te|| 

Isotropization 

Ion  cyclotron 

Vrf  >  20V  (for 

Te  «  Ti ) 

Ion  heating 

Beam-cyclotron 

(hydro) 

Vj  >  Cs 

Resonance  broadening 

Modified  two- 
stream  (hydro) 

Vd  <  (1  +  /i)1/2V4. 
Vd  >  C, 

Trapping 

Ion-ion  (equal 
beams) 

U  <  2(1  +  /5)1/2Va 

Ion  trapping 

Ion-ion  (equal 
beams) 

U  <  2C, 

Ion  trapping 
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IXquad  (hot-electron) I Xom I Xom ! Xom I Xom&Xcr  \tska{5}{2pt} 
lion  acousticl\ds\left( {mXover  M}\right ) " { l/2}\omega_ i I \ds\omega_i 
I \lambda_D"{- 1} I C_s5\cr  Xtska{5}{2pt} 
i Anisotropic  I \0mega_e ! ' omega. e\cos\ the ta\s im\0mega_e I r_e~{— 1} I 
Xov{V}_{e\perp}&\cr  \bs{lpt} 

I Xquad  temperature  I Xom I \om I \om I Xom&Xcr 
I Xquad  (hydro) I Xom I Xom I Xom I Xom&Xcr  \tska{5}{2pt} 

I  Ion  cyclotron  1 0 . 1 X0mega_i 1 1 . 2\0mega_i I r_i *{-1} I Xds{l\over3}\ov{V}_i&\cr 
Xtska{5}{2pt} 
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IXquad  (hydro) I Xom I Xom I Xom I Xapproxlt  C_s\ph{ ; }&\cr  \tska{5}{2pt} 

I  Modified  tvo-IXds{l\over2}X0mega_HIXds0.9\0mega_HI\dsl.7 
t\Omego_H\over  V_d} I Xds{l\over2}V_d&\cr  \bs{5pt} 

I Xquad  stream  I Xom I Xom I Xom I Xom&Xcr 

IXquad  ( hydro ) I Xom I Xom ! Xom I Xom&Xcr  \tska{5}{2pt} 

I  Ion- ion  (equal  I  0 . 4X0mega_H I  0  I Xdsl . 2{\0mega_H\over  U}  I  0&\cr  \bs{4pt} 

IXquad  beams ) I Xom I Xom I Xom I Xom&Xcr  \tska{5}{2pt} 

I  I  on -ion  (equal  I Xds0.4\omega_i lOlXdsl . 2{\omega_ iXover  U}IO&\cr  \bs{4pt} 

I Xquad  beams) I Xom I Xom I Xom I Xom&Xcr  Xtska{5}{2pt}Xtrule}} 

For  nomenclature,  see  p.  50. 


Parameters  of  Most  Unstable  Mode 


Name 


Electron- 

electron 

B  nn  eman 


Growth  Rate 


Wave  Group 
Frequency  Number  Velocity 


U), 

0.9  — 
V,i 


f  mX1'3  (  rn  \  1/3 

0.7  —  u>r  0.4  —  ur 

V  M  )  \M 


Beam-plasma  0.7  —  1  ue  ue  — 

V  n.„  / 


Weak  beam- 
plasma 

Beam-plasma 

(hot-electron) 

Ion  acoustic 

Anisotropic 

temperature 

(hydro) 

Ion  cyclotron 

Beam-cyclotron 

(hydro) 

Modified  two- 
stream 
( hydro) 

Ion-ion  (equal 
beams) 

Ion-ion  (equal 
beams) 


H-b  (  Vb 


2 np  \Vh 


1/2  V, 


0.1S2; 


0.7S2. 


0.4Qi 


0.4w; 


U>e  COS  9  ~  fb 


1.2 


0.9Qh 


0.7A"1  >  V,,: 


H  1 

1-7  -7T-  -V,, 


U>j 

1.2  — 

U 


For  nomenclature,  see  p.  50. 
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In  the  preceding  tables,  subscripts  $e$,  $i$,  $d$,  $b$,  $p$  stand  for 
' ' elec\-tron , ’ '  ''ion,''  ‘‘drift,''  ‘‘beam,’'  and  ‘‘plasma,’’  respectively. 
Thermal  velocities  are  denoted  by  a  bar.  In  addition,  the  following  are  used: 
\halign  {$#$\hf il\quad&#\hf il\quad&$#$\hf il\quad&#\hf il  \cr 
m  ^electron  mass  &r_e,  r_i  fcgyroradius  \cr 
M  Scion  mass  S:\beta  feplasma/magnet ic  energy  \cr 
V  ^velocity  I \quad  density  ratio  \cr 
T  ^temperature  &V_ A  ScAlfvX’en  speed  \cr 

n_e,  n_i  ftnumber  density  &\0mega_e , \0mega_i  Scgyrof  requency  \cr 
n  ftharmonic  number  S:\Omega_H  ^hybrid  gyrof requency , \cr 

C_s= (T_e/M) *{1/2}  Scion  sound  speed  I \quad  ${\0mega_H}*2=\0mega_e\0mega_i$  \cr 
\omega_e ,  \omega_i  Scplasma  frequency  ScU  ^relative  drift  velocity  of  \cr 
\lambda_D  &Debye  length  !\quad  two  ion  species  \cr}  \bsk 
\centerl ine{\headf ont  LASERS}  \msk 
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Efficiencies  and  power  levels  are  approximately  state-of-the-art  ( 1987) . $* {3 1}$' 
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\tskc{S}{3pt}  Sc\om  I  \om  1  \om  I  Pulsed  ! CW4\cr 

\tskc{5}{3pt}  \trule  \tskc{5}{ lpt}  \trule  \tskc{5}{2pt} 

&C0$_2$ I 10.6l0.01--0.02l$>2\timesl0‘{l3}$l$>10*5$&\cr 
&\om I \om I (pulsed) ! \om I \omft\cr  \tskc{5}{lpt} 
ft-cn  !  5  I  0 . 4  !  $>10*0$  !$>i00$*\cr  \tskc{S}{  1  pt} 
t’Holmium  I  2 . 06  I  0 . 03  I  $>10*7$  I  30Sl\cr  \tskc{5}{lpt} 

■fe Iodine  I  1 .315  I  0.003  I $>10* {12}$ I— &\cr  \tskc{5}{ lpt} 

5  ‘id-glass  ,  I  1 .06(0.001— 0.06l$\sim  10*{14}$I  1  —  10$*3$«\cr 
A:\quad  YAG I \om I \om I ( 10-beam  system)  I \om8c\cr  \t skc{5}{ 1 pt } 
t  \ilap{*}Color  I  1—41  1 0$*  {-3}$  I  $>10*6$  I  ISrVcr 

S:\quad  center  I \om  I \om  I \om  I \omSc\cr  \tskc{S}{  lpt} 

S'- Ilap{*}0P0l0.7  — 0.91  1  0$  *  {-3}$  I  $  1  0  *  6$  I  1  S:\cr  \tskc{5}{  lpt} 

t Ruby  10.6943  I $< 10*{-3}$ I $10* { 10}$ I l!r\cr  \tskc{S}{ lpt} 

i:He-I!e  I  0 . 6328  I  10$ * {-4}$ I  —  I  1  —  50$\t imes 10* {-3}$  S\cr  \tskc{5}{  lpt} 

i\llap{*}Argon  ion  I  0 . 45  — 0 . 6C  I  1 0$*  {-3}$  I  $5\t  imes  10*4$  I  1— 10ft\cr  \tskc{SH  lpt.} 

t!!$_2$  I  0.3.371  1  $$0.001- -0.05  I  1 0$*  5$-- 1  0$  *  6$  I  —  ftXcr  \tskc{5}{lpt> 

4\llap{»}Dye  !  0 . 3--  1  .  1  I  10$ *  {-3}$  I  $>  10* 6$  I  140*\cr  \tr.kc{5}{  lpt} 

K K r  -  F  I  0. 26  |  0. 08  |  $>10*9$ }— £X cr  '•  t  skc{5}{  1  pt } 
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\on\hbox{*Tunable  sources}\hidevidth\cr}}  \sr-k  %  E1!D  OF  TAELE. 

YAG  stands  for  Yttrium-Aluminum  Garnet  and  OPD  for  Optical  Parametric 
Oscillator . 

\ vf  ilXejectXend 


In  the  preceding  tables,  subscripts  e,  i,  d. 

b,  ]>  stand  for  “electron." 

“ion,”  “drift,”  “beam,"  and  “plasma," 

respectively.  Thermal  velocities 

are  denoted  by  a 

bar.  In  addition,  the  following  are  used: 

m 

electron  mass 

O  ,  Ti 

gyroradius 

M 

ion  mass 

P 

plasma/ magnetic  energy 

V 

velocity 

density  ratio 

T 

temperature 

Va 

Alfven  speed 

ne .  ri  i 

number  density 

ul  f'  ,  l  —  f 

gyrofrequency 

n 

harmonic  number 

£Ih 

hybrid  gyrofrequency. 

C,  =  (Tc/M)1'2 

ion  sound  speed 

nH2  =  ih  ih 

Uc  «  U>i 

plasma  frequency 

U 

relative  drift  velocity  of 

Ad 

Debye  length 

two  ion  species 

LASERS 

System  Parameters 

Efficiencies  and  power  levels  are  approximately  state-of-the-art  (19S7).31 

Type 


Wavelengt.il 

(/mi) 


Efficiency 


Power  levels  available  (W) 


Pulsed 


COo 

10.6 

0.01-0.02 

(pulsed) 

>  2  X  1013 

>  10° 

CO 

5 

0.4 

>  109 

>  100 

Holmium 

2.06 

0.03 

>  107 

30 

Iodine 

1.315 

0.003 

>  1012 

Nd-glass. 

YAG 

1.06 

0.001  0.06 

~  1014 

( 10-beam  system) 

1  1()3 

♦Color 

center 

1-4 

10-3 

>  10° 

1 

*OPO 

0.7  0.9 

10-3 

10° 

1 

H  uby 

0.0943 

<  10-3 

101" 

1 

He-  Ne 

0.6328 

io-'! 

1  50x10 

♦Argon  ion 

0.45  0.60 

10-3 

5  x  1()4 

1  10 

N  2 

0.3371 

0.001  0.05 

10"  10° 

♦  Dye 

0.3  1.1 

10“ 3 

>  10G 

140 

K  r-  F 

0.26 

0.08 

>  109 

Xenon 

0. 175 

0.02 

>  10s 

♦Tunable  sources 

YAG  stands  for  Yttrium 
met  ric  ( Oscillator. 


Aluminum  Garnet  and  OP()  for  Optical  1 


' LT’tJn'jf*  itxjt*. 
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\medskip\ indent 

An  e-m  wave  with  {\bf  k}  $\parallel$  {\bf  B}  has  an  index  of  refraction 
given  by 

$$n_\pm  =  [l-\omega_{pe}‘{\ph{ l}2}/\omega(\omega\mp\omega_{ce})] ‘{1/2} , $$ 
where  $\pm$  refers  to  the  helicity.  The  rate  of  change  of  polarization 
angle  $\theta$  as  a  function  of  displacement  $s$  (Faraday  rotation)  is  given 
by 

$$d\theta/ds  =  (k/2) (n_{-}-n_{+} ) =2 . 36\t imes  10‘4  NBf * \-2}\ , {\rm  cm}‘{-l},$$ 
where  $N$  is  the  electron  number  density,  $B$  is  the  field  strength,  and 
$f$  is  the  wave  frequency,  all  m  cgs . 

\ small skip\ indent 

The  quiver  velocity  of  an  electron  in  an  e-m  field  of  angular  frequency  $\omega$ 
is 

$$v_0  =  eE_{\rm  max}/m\omega=25 . 6  I ‘ { 1 /2}\lambda_0\ , \rm  cm\ , sec  * {-l}$$ 
in  terms  of  the  laser  flux  $I  =  c£_{\rm  max} ‘ {\ph{\mu}2}/8\pi$ ,  with  $1$  in 
watt/cm$‘2$,  laser  wavelength  $\lambda_0$  in  $\mu$m.  The  ratio  of  quiver 
energy  to  thermal  energy  is 

$$W_{\rm  qu}/W_{\rm  th}=m_e{v_0}‘2/2kT=l ,81\timesl0‘{-13}  {\lambda_0}‘2I/T.$$ 
where  $T$  is  given  in  eV .  For  example,  if  $I=10*{15}\ ,$W\ts  cm$‘{-2}$, 
$\>\lambda_0  =  1\,  \mu$m,  $T=2$\ts  keV ,  then  $W_{\rm  qu}/W_{\rm  th}\approxO . 1$ . 
\smallskip\indent 
Pondermotive  force: 

$$\hbox{{$\cal  F$}\kern-0 . 74em{$\cal  F$}}=N\nabla\langle  E‘2  \rangle/8\pi  N_c,$$ 
where 

$$N_c= 1 . l\t imes  10*{2l}  {\lambda_0} ‘ {-2}  {\rm  cm}‘{-3}.$$ 

\indent 

For  uniform  illumination  of  a  lens  with  $f$-number  $F$,  the  diameter  $d$ 
at  focus  (85\'i  of  the  energy)  and  the  depth  of  focus  $1$  (distance  to  first 
zero  m  intensity)  are  given  by 

ttd\approx  2.44  F\ lambda  \theta/\theta_{DL}{\rm\quad  and  \quad}l\approx\pm2 
F'  2\lambda\theta/\theta_{DL} .$$ 

Here  $' theta$  is  the  beam  divergence  containing  85\’/.  of  energy  and 
$\ thet a_ {DL}$  is  the  diffraction-limited  divergence: 

l$\ theta_{2L} -2 . 44' lamMa/b, $$ 

where  $b$  is  the  aperture.  These  formulas  are  modified  for  nonuniform  (ouch 
a o  Gaussian)  illumination  of  the  lens  or  for  pathological  laser  profiles. 


rrrrrr. 


Formulas 


An  e-m  wave  with  k  ||  B  has  an  index  of  refraction  given  by 
n±  =  [1  -  u>pl/u>{u>  qp  u>cc)]1/2 . 

where  ±  refers  to  the  helicity.  The  rate  of  change  of  polarization  angle 
B  as  a  function  of  displacement  s  (Faraday  rotation)  is  given  by 

d9fda  =  (Jk/2 )(n_  -  n+)  =  2.3G  x  104iVJ3/_2  cm-1. 

where  N  is  the  electron  number  density.  D  is  the  field  strength,  and  f  is 
the  wave  frequency,  all  in  cgs. 

The  quiver  velocity  of  an  electron  in  an  e-m  field  of  angular  fre¬ 
quency  uj  is 


i  /  •>  _  ^ 

Co  =  e Elnnx  /rnu)  =  25. G I  '"Ao  cm  sec 

in  terms  of  the  laser  flux  /  =  c  E  u2n>J .  with  /  in  watt./cm2.  laser 
wavfdength  Ao  in  /tm.  The  ratio  of  quiver  energy  to  thermal  energy  is 

Wqu/Wth  =  mev02/2kT  =  1.81  X  10~13A02//T. 

where  T  is  given  in  eV.  For  example,  if  /  =  10lj  W  cm-".  Ao  =  1  /an. 
T  =  2  keV.  then  Wnn/Wt h  «  0.1. 

Pondermotive  force: 

T  =  NV(E2)/8irNr. 

where 

Nr  =  1.1  x  1021  Ao  ~2cm~3. 

For  uniform  illumination  of  a  lens  with  /-number  F.  the  diameter 
(I  at.  focus  (85%  of  the  energy)  and  the  depth  of  focus  l  (distance  to  first, 
zero  in  intensity)  are  given  by 

d  K  2. -Id  FXBjBjjj^  and  /  ~  ±2 F~  XB / B & l  ■ 

Here  B  is  the  beam  divergence  containing  85%  of  energy  and  i-s  t. lit*, 

d  i  fir  a  e  ti  on  -li  miff'd  divergence: 

Bdl  =  2.4-1  A/ /i. 

where  I)  is  the  aperture.  These  formulas  arc*  modified  for  nonuniform 
(such  as  Gaussian)  illumination  of  the  lens  or  for  pathological  laser  pro¬ 
files. 
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\centerline{\headfont  ATOMIC  PHYSICS  AND  RADIATION} 

\bigskip\inndent 

Energies  and  temperatures  are  in  eV ;  all  other  units  are  cgs  except  where 
noted.  $Z$  is  the  charge  state  ($Z=0$  refers  to  a  neutral  atom);  the  subscript 
$e$  labels  electrons.  $N$  refers  to  number  density,  $n$  to  principal  quantum 
number.  Asterisk  superscripts  on  level  population  densities  denote  local 
thermodynamic  equilibrium  (LTE)  values.  Thus  $N_n\hbox{*}$  is  the  LTE  number 
density  of  atoms  (or  ions)  in  level  $n$ . 

Characteristic  atomic  collision  cross  section: 

$$\pi  {a_0}"2  =  8.80\times  10" {- 17}\ , {\rm  cm}‘2.  \leqno(l)$$ 

Binding  energy  of  outer  electron  in  level  labelled  by  quantum  numbers  $n,  1$: 
$$E_\inf ty "Z(n , 1)  =  -{Z'2E_\inf ty 'H  \over (n-\Delta_l) ”2} ,  \leqno{ (2) }$$ 
where  $E_\infty'H  =  13.6\,{\rm  eV}$  is  the  hydrogen  ionization  energy  and 
$\Delta_l  =  0.751'{-5}$,  $1  \approxgt  5$,  is  the  quantum  defect. 

\medskip 

{\headfont  Excitation  and  Decay} 

\inndent 

Cross  section  (Bethe  approximation)  for  electron  excitation  by  dipole  allowed 
transition  Sm  \rightarrow  n$  (Refs.  32,  33): 

$$\s igma_{mn}  =  2.36  \times  10' {- 13}{f _{nm}g(n ,m)  \over  \epsilon  \Deita 
E_{nm}}\ , {\rm  cm}‘2,  \leqno{(3)}$$ 

where  $f_{nm}$  is  the  oscillator  strength,  $g(n,m)$  is  the  Gaunt  factor, 
$\epsilon$  is  the  incident  electron  energy,  and  $\Delta  E_{nm}  =  E_n  -  E_m$ . 

Electron  excitation  rate  averaged  over  Maxwellian  velocity  distribution, 

■iX_{mn}  -  II _ e  Margie  \sigma_{mn}v  \rangle$  (Refs.  34,  3D): 

IIX_{rr.n}  =  1  .  6\t  imes  1 0"  {-S}{f  _{nm}\langle  g(n  , m) \rangl  e  N_e 
over  \Delta  E_{nm}  T_e ' { 1 /2}}\exp\lef t (  -{\Delta  E_{nm}  \over  T_e} 

\r:.-ht)  ,,{\rm  sec}“{-l},  \leqno{  (4)  }$S 

where  $Mangle  g(n ,m)\rangle$  denotes  the  thermal  averaged  Gaunt  factor 
(generally  $\sim  1$  for  atoms,  $\sim  0.2$  for  ions). 

'■  v  f  i  1 1 e  j  o c  t. \ end 
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ATOMIC  PHYSICS  AND  RADIATION 


Energies  and  temperatures  are  in  eV;  all  other  units  are  cgs  except 
where  noted.  Z  is  the  charge  state  (Z  =  0  refers  to  a  neutral  atom); 
the  subscript  e  labels  electrons.  N  refers  to  number  density,  n  to  princi¬ 
pal  quantum  number.  Asterisk  superscripts  on  level  population  densities 
denote  local  thermodynamic  equilibrium  (LTE)  values.  Thus  JV„  *  is  the 
LTE  number  density  of  atoms  (or  ions)  in  level  n. 


Characteristic  atomic  collision  cross  section; 


(1) 


7rao‘  =  8.80  x  10  1 '  cm2. 


Binding  energy  of  outer  electron  in  level  labelled  by  quantum  numbers 
n,  l : 


(2) 


Et(n.l)  =  - 


Z2E" 

oo 


(n  -  A,)2 


j  j 

whore  E ^  =  13.GeV  is  the  hydrogen  ionization  energy  and  A /  =  0.75/" 


l  'Z  5.  is  the  quantum  defect. 


Excitation  and  Decay 


Cross  section  (Bethe  approximation)  for  electron  excitation  by  dipole 
allowed  transition  in  — >  rt  (Refs.  32.  33); 


3) 


oo,  2 

<r,„  „  =  2.3G  x  10  - — r - cm 


f  A  En  „ 


where  /„  is  the  oscillator  strength,  rj(n.  ni)  is  the  Gaunt  factor,  f  is  the 
incident  electron  energy,  and  A En„,  =  En  —  E,„. 


Electron  excitation  rate  ave.aged  over  Maxwellian  velocity  distribution. 
■V .  =  N,  {(T,„„  v)  (Refs.  34.  35): 


,  *  v  i  r  ,,  ,  —  j  f  a  m  (u(n-  n'))  N(  (  A  Elin,  ^  — i 

1)  X,„„  =  l.G  X  10  -  exp - - -  1  see 


A  E„,„T}/2 


T, 


where  (f/{n,  m))  denotes  t. h < ;  thermal  averaged  Gaunt  factor  (generally  ~  1 
for  atoms  .  ^  0.2  for  ions). 


52 


\input  prolog 
\hof f set=  1 .Otruein 
\voffset=l .Otruein 
\hsize=6.  125truem 
\vsize=9. Otruein 
\pager.o  =  53 
\parskip=5pt 

Rate  for  electron  collisional  deexcitation : 

$$Y_{nm}= ({N_m}\hbox{*}/{N_n}\hbox{*} )X_{mn} .  \leqno{(5) }$$ 

Here  ${N_m}\hbox-(*}/{M_n}\hbox{*}=  ( g_m/g_n) \exp(\Delta  E_{nm}/T_e ) $  is  the 
Boltzmann  relation  for  level  population  densities,  where  $g_n$  is  the 
statistical  weight  of  level  $n$ . 

Rate  for  spontaneous  decay  $n  \rightarrow  m$  (Einstein  $A$  coef f ic ient ) $ " {34}$ 
$$A_{nm}=4 . 3\times 10"7  (g_n/g_m)f _{nm}(\Delta  E_{nm}) "2\ , {\rm  sec}"{-l}. 
Meqno{(6)}$$ 

Intensity  emitted  per  unit  volume  from  the  transition  $n  \rightarrow  m$  in  an 
op\-tic\-ally  thin  plasma: 

S$I_{nm}= 1 . 6\times  10"{-19}A_{nm}M_n\Delta  E_{nm}\ ,  {\rm  watt/cm}"3.  \leqno{ ( 7 ) }$$ 
Condition  for  steady  state  in  a  corona  model: 

$$i'_OM_e  Mangle  \sigma_{0n}v  \rangle  =N_nA_{nO}  ,Meqno{(8)}$$ 
where  the  ground  state  is  labelled  by  a  zero  subscript . 

Hence  for  a  transition  $n  Nrightarrow  m$  in  ions,  where  $\langle  g(n,0)\rangle 
\approx  0.2$, 

$$I_{nm>  =  5.1\times  10" {-25}{f _{nm}g_0  N_eM_0  \over  g_m  T_e"{l/2}} 

\lef t ({\Delta  E_{nm}  \over  \Delta  E_{n0}}  \right)"3  \exp  \left  (-{\Delta 
E_{n0}  \over  T_e}  \right  )\,{{\rm  watt}\over{\rm  cm}*3}.  \leqno(9)$$ 

\medskip 

{\headfont  Ionization  and  Recombination} 
inndent 

In  a  general  time-dependent  situation  the  number  density  of  the 
charge  state  $Z$  satisfies 

1  ;{df,'(Z)\over  dt>  =  N_e  \big[  -S(Z)fJ(Z)  -  \alpha(Z)N(Z)  \.leqno(10)$$ 

\vsk : p-0 . 3truein 

$$\qauad\qquad\qquad  +  S(Z- 1 )  II  (Z- 1 )  +  \alpha (Z+ 1 ) H (Z+ 1 ) \big] . $$ 

Here  $S(Z)$  is  the  ionization  rate.  The  recombination  rate  $\alpha(Z)$ 
has  the  form  $\alpha ( Z ) =\alpha_r (Z ) +N_eV alpha_3 (Z) $  ,  where  $\alpha_r$  and 
$'alpha_3$  are  the  radiative  and  three-body  recombination  rates,  respectively. 

\  v  f  1 1  l'-.e  i  ec  t\end 


Rate  for  electron  collisional  deexcitation: 


(5)  Ynm  =  (Nm*/N„*)Xmn. 

Here  Nm*  /  N„*  —  (g„,  /  g  „  )  exp(  A  Eu  jT(  )  is  the  Boltzmann  relation  for 
level  population  densities,  where  g„  is  the  statistical  weight  of  level  n. 

Rate  for  spontaneous  decay  n  —>  rn  (Einstein  A  coefficient.)34 

(6)  AllJn  =  4.3  x  10'  (g„  /g,„)fnm  (AE„  )2  sec-1 . 


Intensity  emitted  per  unit  volume  from  the  transition  n.  — ►  in  in  an  optic¬ 
ally  thin  plasma: 

(7)  /„  m  =  l.G  X  N„  AEn„,  watt  /  cm3  . 


Condition  for  steady  state  in  a  corona  model: 


Ni)N,  (<T()„  e)  _  N ,,  A„i). 


where  the  ground  state  is  labelled  by  a  zero  subscript. 

Hence  for  a  transition  n  — *  m  in  ions,  where  (g(n.  0))  %  0.1:. 


<0) 


I 


n  m 


_  ,  , ,  -2.->  fu  •«  uoX,  Aro 

r*.i  x  io  - - 


Urn  T, 


1/2 


\  A£„n 


3 

ex  j> 


watt 

T,  )  777*' 


Ionization  and  Recombination 

In  a  general  time-dependent  situation  the  number  density  of  the 
charge  state  Z  satisfies 


-  S(Z)N(Z)  -  <*(Z)N(Z) 

+  S(Z  -  l)N(Z  -  1)  +  <*{Z  +  \)N{Z  +  1)  . 

Here  .S’  (  Z )  is  the  ionization  rate.  The  recombination  rate  o  (Z)  has  the 
form  < 1  (  Z  )  =  <>,(Z)  +  N,n^(Z).  where  <\ r  and  03  are  the  radiative  and 
three  body  re<  ombinat ion  rates,  respectively. 


<IX(Z) 

lit 


=  X, 
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Classical  ionization  cross-section$'{36}$  for  any  atomic  shell  $j$ 
il\sigma_i-6\timesl0*{-14}  b_ jg_ j ( x) /{U_ j } *2\ , {\rm  cm}~2.  \leqno{ ( 1 1 ) >$$ 

Here  $b_j$  is  the  number  of  shell  electrons;  $U_j$  is  the  binding  energy 
of  the  ejected  electron;  $x=\epsilon/U_j$ ,  where  $\epsilon$  is  the  incident 
electron  energy;  and  $g$  is  a  universal  function  with  a  minimum  value  $g_{\mm} 
\approx  0.2$  at  $x\approx4$. 

Ionization  from  ion  ground  state,  averaged  over  Maxwellian  electron 
distribution,  for  $0.02  \approxlt  T_e/E_\inf ty ~Z  \approxlt  100$  (Ref.  35): 
$SS(Z)  =  10‘{-5}{(T_e/’E_\infty'Z)"{l/2}  \over  (E_\inf ty *Z) *{3/2}  (6.0  +  T_e/ 
E_\inf ty'Z)}\exp\left  (-{£_\infty‘Z\over  T_e}\right  )\,\rm  cm*3/sec, 

\leqno{(  12)}$$ 

where  $E_\infty*Z$  is  the  ionization  energy. 

Electron-ion  radiative  recombination  rate  $\left  (  e  +  II ( Z )  \nghtarrow 
"(Z-l)+h\nu  \right  )$  for  $T_e/Z‘2  \approxlt  400\,{\rm  eV}$  (Ref.  37): 

1  alpha_r (Z )  =  5.2  \times  10*{-14}Z  \left  ({E_\infty‘Z  \over  T_e} 

\r  ight  ) * { 1/2}  \big  [  0.43  +  {l  \over  2}  \ln ( E_\ inf ty*Z/T_e)  \leqno(13)$$ 
$$\qquad\qquad\qquad  +  0 . 469 (E_\inf ty *Z/T..e) “{- 1 /3}  \bi pi  \,{\rm  cm‘3/sec}.$$ 

For  $l\,{\rm  eV}  <  T_e/Z*2  <  15\,{\rm  eV}$,  this  becomes  approx imately$* {35}$ 
$$\alpha_r (Z) =2 . 7\t imes  10*{-13}  Z*2{T_e}*{-l/2}\ , {\rm  cm" 3/sec} . \1 eqno{ ( 14) }$$ 

Collisional  (three-body)  recombination  rate  for  singly  ionized  plasma : $‘{3S}$ 
$$\alpha_3=8.75\ times  10*{-27}{T_e}~{-4.5}\,{\rm  cm‘6/sec}.\leqno{(l5)}$$ 

Photoionization  cross  section  for  ions  in  level  $n ,  1$  (short-wavelength  limit) 
$$'.sigT.a_{'-rm  ph}(n ,  1)  =  1.34  \times  10‘{-16}Z*E/n‘3  K*{7+21}\ ,'rm  cm'2, 
Meqno{(  16)}$$ 

where  $K$  is  the  wavenumber  in  Rydbergs  ( 1 ‘Rydberg  $=1 .0974\times 
1 0  ,  {  •  rn  cm} *{-!})$ . 

.vf ill  e  ] ect lend 
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Classical  ionization  cross-section30  for  any  atomic  shell  j 


(11)  ,  =  6  X  10  14 b j g j(x) / U j2  cm2 . 

Here  bj  is  the  number  of  shell  electrons;  U j  is  the  binding  energy  of  tlu 
ejected  electron;  x  =  e/Uj,  where  e  is  the  incident  electron  energy;  and  q 
is  a  universal  function  with  a  minimum  value  gm iu  0.2  at  x  4. 

Ionization  from  ion  ground  state,  averaged  over  Maxwellian  electron  dis¬ 
tribution,  for  0.02  <  TeJ E £  <  100  (Ref.  35): 


(12) 


S(Z)  =  10' 


e : 


(E^y/^G.O  +  TJE^) 


exp  - 


T- 


cm 


‘/sec. 


7 

where  Ez^  is  the  ionization  energy. 

Electron-ion  radiative  recombination  rate  (e  +  N(Z )  — ►  N(Z  —  1)4-  hu) 
for  T,  / Z2  <  400  eV  (Ref.  37): 


(13) 


(*r(Z)  =  5.2  x  10_14Z 


e: 


i/' 


Te 


0.43+  llu(B*/r,) 


+aAG9(E^/T,rU3 


sec. 


For  1  eV  <  T,  / Z~  <  15  eV.  this  becomes  approximately30 
I  l-l>  <>,  (Z)  =  2.7  x  10_13Z2T(  _1/2  cm3 /sec. 


Culli^iunal  (three-body)  recombination  rate  for  singly  ionized  plasma:33 
(  I  ■> )  ^3  =  8.75  x  10  ~ '  T,  ~4  °  c m°  /sec. 


I  ’  hot  oioniza  t  ion  cross  section  for  ions  in  level  ii  .  I  (  short -wavelength  limit): 

NO)  rrl>u(n.l)=  1.04  X  10“  10  2T3/ n3 /\  7  +  2/ cm2 . 

where  K  is  the  wavenumber  in  Rydbergs  (1  Rydberg  =  1 .0974  X  10°  cm  “ 1  ). 
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{\headfont  Ionization  Equilibrium  Models} 

\inndent 

Saha  equil ibr ium : $* {39}$ 

$${N_eN_ 1 \hbox{*} (Z ) \over  N_n\hbox{»} (Z- 1 ) }=6 . 0\t imes  .  0 '  {21 }{g_ 1 ~ Z  {T_e}'{3/2} 
\over  g_n‘{Z-l}}\exp\left(-{E_\infty‘Z(n,l)\over  T_e}\r lght ) \ , {\rm  cm}'{-3}, 
\leqno{( 17)}$$ 

where  $g_n‘Z$  is  the  statistical  weight  for  level  $n$  of  charge  state 
$Z$  and  $E_\inf ty~Z(n , 1)$  is  the  ionization  energy  of  the  neutral  atom 
initially  in  level  $(n,  1)$,  given  by  Eq.~(2). 

In  a  steady  state  at  high  electron  density, 

$${N_eN\hbox{*} (Z) \over  N\hbox{*} (Z- 1 ) }={S( Z-l ) \over\alpha_3} ,  \leqno{( 18)}$$ 
a  function  only  o!  $T$ . 

Conditions  for  LTE:$'{39}$ 

(a)  Collisional  and  radiative  excitation  rates  for  a  level  $n$  must  satisfy 
$$Y_{nm}\approxgtlOA_{nm} , \leqno{( 19)}$$ 

(b)  Electron  density  must  satisfy 

$$tI_e\approxgt  7\times  10'{18}Z‘7n"{-17/2}  (T/E_\inf ty *Z) *{ 1/2}  {\rm  cm}‘{-3}. 
\leqno{ ( 20 ) }$$ 

Steady  state  condition  in  corona  model: 

$$  { N ( Z - 1 )  \over  M ( Z ) }  =  {\alpha.r  \over  S(Z-l)}.  \leqno{ ( 2 1 ) }$$ 

Corona  model  is  applicable  if$‘{40}$ 

$$10‘{l2}{t_l}‘{-l}<N_e<10‘{l6}{T_e}~{7/2}\,{''rmcn}‘{-3},\leqno{(22)}$$ 
where  $t_I$  is  the  ionization  time. 

•;i  1 1  \ e  ]  ec  t '.end 


Ionization  Equilibrium  Models 

Saha  equilibrium:39 


(17) 


Ne  N\*(Z) 
N„*(Z  -  1) 


=  G.O  x  10 


21  1 


Z  rj-1  3/2 


<lz-1 

n 


exp 


E^A  n-  0 

T, 


-3 

can 


z  * 

vvhcu-e  <] n  is  the  statistical  weight,  for  level  n  of  charge  state  Z  and  E^.  (n.  I ) 
is  the  ionization  energy  of  the  neutral  atom  initially  in  level  (n.lV  given 
by  Eq.  (2). 

In  a  steady  state  at  high  electron  density. 


N,  N*(Z)  _  S(Z  -  1) 
N*(Z  -  1)  “  ^ 


a  function  only  of  T. 

Conditions  for  LTE:39 

(a)  Collisional  and  radiative  excitation  rates  for  a  level  n  must,  satisfy 
(10)  Y„„,  >  10.4,,,,,. 


(b)  Electron  density  must  satisfy 

(20)  N,  >  7  x  l()13Z'n~17/2(T/E^ )1/2om“3. 

Steady  state  condition  in  corona  model: 

CM,  N(Z  -  l)  __  „r 

N(Z)  S(Z-l)' 

Corona  model  is  ai>plicable  if40 

(22)  lO12^-1  <  N,  <  10lcTf  7/2  cm-3. 


'•'•’here  1 1  is  the  ionization  t  ime. 
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Aheadfont  Radiation} 

\inndent 

Alt  N.\  B.}  Energies  and  temperatures  are  in  eV;  all  other  quantities  are  in 
cgs  units  except  where  noted.  $2$  is  the  charge  state  ($Z=0$  refers  to  a 
neutral  atom);  the  subscript  $e$  labels  electrons.  $N$  is  number  density. 

Average  radiative  decay  rate  of  a  state  with  principal  quantum  number  $n$ 

1  s 

$$A_n=\sum_{m<n}A_{nm}=l . 6\times  10‘{ 10}Z"4n‘{-9/2}\ , \rm  sec.  \leqno{ ( 23 ) }$$ 
Natural  linewidth  $(\Delta  E$  in  eV) : 

$$\Delta  E  \,\Delta  t=h=4 . 14\times  10~{-15}\ ,  Arm  eV\,sec},  \leqno{ ( 24) }$$ 
where  $\Delta  t$  is  the  lifetime  of  the  line. 

Doppler  width: 

$$\Delta  \lambda/\lambda=7 . 7\times  10‘{-5}  (TAmu) '{1/2} , \leqno{ (25) }$$ 
where  $\mu$  is  the  mass  of  the  emitting  atom  or  ion  scaled  by  the  proton  mass. 

Optical  depth  for  a  Doppler-broadened  line:$‘{39}$ 

$$\tau= 1 .76\times  10'{- 13}\lambda(Mc'2/kT) '{l/2}NL=5.4\times 
10‘{-9}\lambda(\mu/T) '{l/2}NL,\leqno{(26)}$$ 

where  $\lambda$  is  the  wavelength  and  $L$  is  the  physical  depth  of  the  plasma; 
$!■!$,  $M$,  and  $T$  are  the  mass,  number  density,  and  temperature  of  the  absorber; 
$\mu$  is  $M$  divided  by  the  proton  mass.  Optically  thin  means  $\tau  <  1$. 

Resonance  absorption  cross  section  at  center  of  line: 
$$\sigma_{\lambda=\lambda_c}=5 . 6\times  10“{-13}  \lambda*2/\Delta 
\lambda\ , {\rm  cm}“2.  \leqno{(27)}$$ 

Wien  displacement  law  (wavelength  of  maximum  black-body  emission) : 
$$\lambda_{\max}=2 . 50\ times  10“{-5}T"{-1}\ , {\rm  cm} . \leqno{(28) }$$ 

Radiation  from  the  surface  of  a  black  body  at  temperature  $T$ : 

$$V= 1 . 03\times 10"5T~4\ , {\rm  watt/cm}'2.  \leqno{(29)}$$ 

\vf il\e j  ect\end 


Radiation 


A\  D.  Energies  and  temperatures  are  in  eV;  all  other  quantities  are 
in  egs  units  except,  where  noted.  Z  is  the  charge  state  (Z  =  0  refers  to  a 
neutral  atom):  the  subscript  e  labels  electrons.  N  is  number  density. 

Average  radiative  decay  rate  of  a  state  with  principal  quantum  number  n 

I  s 

i23)  A„  =  ^  ^  A„IU  =  1.6  x  1 0 1 0  Z4  n~°/2  sec. 

tn  <  n 


Natural  linewidth  (A  E  in  eV): 

t  2  1 )  AE  At  =  U  —  4.14  x  1 0  ~ 1 5  e  V  sec. 

where  At  is  till'  lifetime  of  the  line. 

Doppler  width: 

(25)  AA/A  =  7.7  x  10_5(T//i)1/2, 

where  //,  is  the  mass  of  the  emitting  atom  or  ion  scaled  by  the  proton  mass. 
Optical  depth  for  a  Doppler-broadened  line:39 

(20)  r  =  1.7G  x  1()-13  A(  Me2/ A;T) 1/2  N  L  =  5.4  x  10"9  A(/i/T)1/2  NL. 

where  A  is  the  wavelength  and  L  is  the  physical  depth  of  the  plasma:  M. 
N .  and  T  are  the  mass,  number  density,  and  temperature  of  the  absorber: 
//  is  M  divided  by  the  proton  mass.  Optically  thin  means  r  <  1. 

Resonance  absorption  cross  section  at  center  of  line: 

(27)  tr\  =  \r  =  5.0  x  l(f  13A2/AA  cm2. 

Wien  displacement,  law  (wavelength  of  maximum  black-body  ('mission): 

(28)  AII111X  =  2.50  x  10-6T-1  cm. 

Radiation  from  the  surface  of  a  black  body  at  temperature  T: 

(29)  W  =  1.03  X  105r4  watt /cm 2 . 
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Bremsstrahlung  from  hydrogen-1 ike  plasma :$ ‘ {26}$ 

$$P_{\rm  Br}=1.69\times  10"{-32}N_e{T_e}" {l/2}\sum\lef t [Z"2N(Z)\right]\,{\rm 
watt /cm} *3 , \leqno{ (30)}$$ 

where  the  sum  is  over  all  ionization  states  $Z$ . 

Bremsstrahlung  optical  depth : $"{41}$ 

$$\tau=5.0\times  10"{-38}N_eN_iZ"2  \overline{g}LT'{-7/2},\leqno{(3l)}$$ 
where  $\overl me{g}  \approx  1.2$  is  an  average  Gaunt  factor  and  $L$  is  the 
physical  path  length. 

Inverse  bremsstrahlung  absorption  coef f icient$"{42}$  for  radiation  of  angular 
frequency  $\omega$ : 

$$\kappa  =  3 . 1 \t imes 1 0" {-7}Z{n_e}' 2  \ln  \Lambda  \,T"{-3/2}  \omega' {-2} 
(l-\omega_p'2/\omega'2)'{l/2}\, {\rm  cm}" {- 1} ; \qquad\leqno ( 32 ) $$ 
here  $\Lambda$  is  the  electron  thermal  velocity  divided  by  $V$ ,  where  $V$  is 
the  larger  of  $\omega$  and  $\omega_p$  multiplied  by  the  larger  of  $Ze"2/kT$  and 
$\hbar  / (mkT) " {l/2}$ . 

Recombination  (free-bound)  radiation: 

$$P_r= 1 . 69\t imes  10"{-32}M_eT_e{}"{l/2}  \sum  \left  [  Z'2H(Z)  \left  ( 

{E_\inf ty"{Z-l}\over  T_e}  \nght)  \r ight] \ , {\rm  watt/cm}"3.  \leqno{(33)}$$ 

Cyclotron  radiation$"{26}$  in  magnetic  field  {\bf  B} : 

$$P_c=6 . 21\times  10' {-23}B "2N_eT_e\ , {\rm  watt/cm}"3.  \leqno{ ( 34) }$$ 

For  $N_ekT_e  =  H_ikT_i  =  B"2/16\pi$  ($\beta=l$,  isothermal  plasma) ,$" {26}$ 
$$P_c=5 . 00\times  1 0" {-3S}N_e " 2T_e "2\ , {\rm  watt/cm}"3.  \leqno{ ( 35) }$$ 

Cyclotron  radiation  energy  loss  $e$-foldmg  time  for  a  single  electron {4 1  }$ 
•$t_c  \approx  {9.0\times  10"8B"{-2}  \over  2.5  +  \gamma}\ , {\rm  sec}, 

\leqno{(36)}$$ 

where  $\gamma$  is  the  kinetic  plus  rest  energy  divided  by  the  rest  energy 
$mc " 2$ . 


Number  of  cvclotron  narmon ics$ ' {4 1 }$  trapped  in  a  medium  of  finite  depth  $L$ : 
$$m_{\rm  tr}=(S7\beta  BL)"{l/6},  \1 eqno{ ( 37) }$$ 
where  $\beta=8\pi  NkT/B"2$. 

Line  radiation  is  given  by  summing  Eq.  (9)  over  all  species  in  the  plasma. 
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where  the  sum  is  over  all  ionization  states  Z. 

Bremsstralilung  optical  depth:41 

(31)  r  =  5.0  x  10_38ATe  NtZ2gLT~2/2 . 

where  ~g  «  1.2  is  an  average  Gaunt  factor  and  L  is  the  physical  path  length. 

Inverse  bremsstralilung  absorption  coefficient42  for  radiation  of  angular 
frequency  u: 


(32)  k  =  3.1  x  10 ~~  Zn2  In  A  T~3/2u~2(l  -  u2/u2)l/2  cm-1: 

here  A  is  the  electron  thermal  velocity  divided  by  V,  where  V  is  the  larger 
of  u  ,md  up  multiplied  by  the  larger  of  Z r2  / kT  and  h /( in  kT  ) 1  ^2  . 

Recombination  (free-bound)  radiation: 

(33)  Pr  =  1.69  x  10~32  Nf  T(  1/2  ^  j^Z2 
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Cyclotron  radiation20  in  magnetic  field  B: 

(34)  Pc  =  0.21  x  10“  28  D2  Nf  T(  watt/cm3. 

For  NrkTr  =  NjkTj  —  D2  /  107r  (/f  =  1.  isothermal  plasma).20 
(33)  Pr  =  5.00  x  1()~2S  N~T2  watt/cm3. 


Cyclotron  radiation  energy  loss  r-folding  time  for  a  single  electron.  1 
(30)  t. 


9.0  x  lO^f"2 
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where  7  is  the  kinetic  ])lus  rest  energy  divided  by  1 1 1 e  rest  energy  m/c*. 
Number  of  cyclotron  harmonics41  trapped  in  a  medium  of  finite  depth  /. : 

(37)  mtr  =  (T>7(UiL  )l/°. 

when*  li  =  Sir  NkT/B2 . 

Line  radiation  is  given  by  summing  Pap  (9)  over  all  species  in  the  plasma. 
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